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CH A P T ER 5.1

Mixing, building, and feeding: mathematics 
and technology in ancient Egypt
Corinna Rossi

The number of surviving mathematical sources from ancient Egypt is 
 relatively small, but they all give a consistent picture of mathematics as 

deeply  intertwined with a variety of practical activities. Mathematics, a! er all, is 
a constant presence in the daily life of any population, even if in di" erent forms 
or contexts (Selin 2000; Cuomo 2001; Asper, Chapter 2.1 in this volume). Beside 
the presence of geometrical patterns in decorative or functional objects (e.g., 
Robson 2000; Wendrich 2000; Whitley 2001, 77–133; Brezine, Chapter 5.4 in this 
volume), counting and measuring are naturally embedded in a large number of 
technological activities.1

Our knowledge of ancient Egyptian mathematics relies on a small number 
of sources, including # ve papyri, a leather roll, and a pair of wooden tablets, all 
 dating to the Middle Kingdom (2055–1650 BC). $ e most important is the Rhind 
papyrus, which contains the most complete and varied list of mathematical  
 problems, followed by the Moscow papyrus, organized in a similar way but 
 narrower in scope (Peet 1923; Chace, Bull and Manning 1929; Struve 1930). $ ey 
appear to be school texts, specially conceived to teach mathematics to young 

1. thank Dr Sera# na Cuomo for discussing several key issues of this chapter. $ anks also to Professor 
Mahmoud Ezzamel and to the editors of this volume for their comments and suggestions.
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scribes (Ritter 2000, 120), and their contents may be divided into two categories: 
tables and problems (Imhausen 2002). Table texts are ready-made collections of 
mathematical data to be consulted while performing calculations (such as the 
table listing all the results of the number 2 divided by the odd numbers from 3 to 
101). Problem texts, instead, show how to solve sample tasks that scribes might 
be assigned: measuring the area of # elds, calculating the volume of granaries, 
dividing loaves of bread among men, or calculating the slope of a pyramid. Other 
types of texts, although not strictly mathematical, nevertheless provide import-
ant evidence of how mathematics was used: the Reisner papyri, for instance, con-
tain building records and administrative accounts relating to the construction of 
an unidenti# ed building (Simpson 1963; Rossi and Imhausen, forthcoming).

Present knowledge of ancient Egyptian technology, by contrast, derives from 
a variety of textual, iconographic, and archaeological sources, including ancient 
representations on tomb walls, objects, and the remains of manufacturing sites 
unearthed by archaeologists. To this must be added the invaluable support of 
modern technology, which provides information on the physical and chemical 
composition of ancient objects and products (Nicholson and Shaw 2000).

At # rst sight, the scarcity of ancient Egyptian mathematical sources appears to 
prevent a detailed reconstruction of the way mathematics was involved in techno-
logical processes. However, we can compensate for this lack of direct information 
in at least two ways: on the one hand by turning to less obvious sources, such as 
ancient records of building activities or medical recipes, with the aim of extracting 
from them indirect but valuable information; on the other hand by reconsidering 
the well-known mathematical texts in search of further clues. $ e study of ancient 
Egyptian mathematics has in fact recently taken a new methodological turn that 
aims to reassess the nature and structure of the ancient documents and to cast a new 
light on their contents (Imhausen, Chapter 9.1 in this volume). Even if the number of 
actual sources is limited, the information they can provide has not been exhausted.

COUNTING, MEASURING, CALCULATING

A potentially productive area of study concerns the various units of measure-
ments and the di" erent ways they were used. It may be useful at this point to 
distinguish between three di" erent mathematical actions: counting, measuring, 
and calculating.

Ancient Egyptians counted in base 10, which super# cially makes their 
 system similar to our own. Measuring, however, relied on a number of units of 
 measurement with di" erent characteristics: some closely resemble their modern 
counterparts, whilst others di" er in more or less substantial ways. It is therefore 
necessary to pay close attention to the way metrological units were used: only 
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by fully appreciating their nature can we reconstruct the ancient mathematical 
(and/or technological) processes in which they were employed. A clear example of 
these di7  culties is represented by the main linear unit of measurement, the cubit, 
corresponding to the forearm. In particular, one ‘royal’ cubit corresponded to 
7 palms (c 52.3 cm), whereas 1 ‘small’ cubit was equal to 6 palms (c 45 cm); each 
palm (c 7.4 cm) was divided, in turn, into 4 # ngers (c 1.8 cm). Volumes were gen-
erally expressed in cubic cubits; however, as we shall see below in the section on 
stone, the subunits of this cube with length of 1 cubit appear to have been signi# -
cantly di" erent from what one might expect: the ‘volume’ palm, instead of being a 
cube with a length of 1 palm, was a ‘slice’ of cubic cubit with a width of 1 palm.

Another important in8 uence on the ancient Egyptian mathematical system 
was the fundamental role played by commensurability, which derived from the 
ancient Egyptian practice of performing multiplications and divisions by means 
of progressive doubling or halving, and/or working with powers of ten. $ is 
explains not only the general preference for even numbers, but in particular the 
speci# c focus on the numbers belonging to the progression 2, 4, 8, 16, 32, 64 and 
their reciprocals 1/2, 1/4, 1/8, 1/16, 1/32, 1/64, and on those derived by multiply-
ing these by 10 or powers of 10. A clear example is the subdivision of the capacity 
unit heqat, corresponding to c 4.8 litres: it could either be divided into 10 parts, 
called henu (thus corresponding to about half a litre) or progressively halved into 
1/2, 1/4, 1/8, 1/16, 1/32, and 1/64 of a heqat. $ e smallest subdivision was the ro, 
corresponding to 1/320 of a heqat; the convenient combination of progressive 
halving and powers of 10 determined the commensurability of these subdivi-
sions, with 5 ro corresponding to 1/64 of heqat. A similar example referring to 
the calculations of the area of # elds will be discussed below in the section on food 
production.

Finally, the way calculations can be performed may be an important source 
of information, because the mechanisms that regulated them are a faithful mir-
ror of the mental processes that lay behind them. Reconstructing the algorithms 
involved can provide important leads for further research: # rst, within ancient 
Egyptian mathematics, by better understanding its internal mechanisms; and 
second, in ancient mathematics more generally, by studying the chronological, 
geographical, and cross-cultural transmission of such mechanisms (Imhausen 
2002). Within Egyptology, the close study of calculations may help to clarify the 
role of mathematics in various areas of knowledge.

Technology is one # eld that may bene# t from such an approach. Here we examine 
the technologies of extracting and processing stones and metals and those involved 
in food production. $ e characteristics of the relevant units of measurement  and 
the ways in which they were employed (or not employed) o" er a means of explor-
ing and reconstructing ancient technological processes, and also provide hints 
about the attitudes that lay behind both mathematics and technology.
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UNDERSTANDING METALS WITH THE AID OF MEDICINES

$ e mathematical sources relating to the technologies of metal extraction and pro-
cessing are extremely scanty. $ ere is only one surviving mathematical  problem 
on the general subject of metal objects, namely problem 62 of the Rhind papyrus 
(henceforth pRhind 62). It is centred on the relationship between the shaty 
‘value’, and weight of three di" erent metals. $ e weight unit deben  corresponded 
to 13–14 g in the Old and Middle Kingdoms (2686–1650 9- ) (Imhausen 2003, 
156; 270–271; Clagett 1999, 169–170).
$ e task, as stated by the scribe, can be translated as follows: ‘A bag containing 

!equal weights" of gold, silver and lead is bought for 84 shaty. What is the amount 
of each precious metal?’ For 1 deben of each metal the values in shaty (12, 6, and 3 
respectively) are given. $ e procedure starts by adding together the values in shaty 
of 1 deben of each metal (12 + 6 + 3 = 21), then moves on to # nding how many 
times one should multiply the result to reach the value in shaty of the bag (in other 
words, it calculates 84:21). $ e result is 4 deben of each metal. At # rst sight, this lit-
tle problem provides only rather banal and arti# cial information: for instance, that 
the value of gold was twice the value of silver, and four times the value of lead; and 
that a # xed price for each metal allowed the scribe to shi!  easily from units of value 
to units of weight. However, as we shall see below, it may contain indirect infor-
mation on how to deal with more complex issues. Dealing with metals in practical 
contexts, in fact, is likely to have entailed more complicated calculations.

$ e identi# cation of several mining sites in the Egyptian desert has enabled the 
reconstruction of the political and strategic background of mining expeditions 
commissioned by successive pharaohs (Shaw 1998) and, to a certain extent, of the 
various extraction methods used by them (Klemm and Klemm 1994; Shaw 1996). 
Abundant information on how metals were processed and worked comes from 
ancient representations carved on tomb walls (Wainwright 1944; Chappaz 1983), 
from the study of the archaeological remains of ancient mining and manufactur-
ing areas (Pusch 1990), and from analysis of the objects produced (Scheel 1989). 
What is currently known of the structure and composition of ancient Egyptian 
metals, by contrast, depends almost entirely on modern technology: binocu-
lar, metallurgical, and scanning electron microscopes are especially useful for 
 analysing surface and technological details, whilst a variety of spectrographic 
analyses, including atomic absorption and plasma spectroscopy, are generally 
used to determine chemical composition (Ogden 2000, 171–172).
$ ese analyses reveal that the Egyptians made substantial use of alloys. In 

fact, because pure metals are extremely di7  cult to # nd and to obtain, ancient 
metallic objects invariably contain a combination of elements. Small percent-
ages of secondary components are generally regarded as natural impurities, 
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but above a certain threshold the combination of elements is considered to be 
arti# cial: copper was voluntarily mixed with arsenic, lead, or tin (the latter 
combination is generally called bronze), whereas gold might be combined with 
silver, copper, or occasionally other metals. $ e reasons may have been prac-
tical, as in the case of copper, the strength of which was greatly increased by 
the addition of other metals, or aesthetic, as in the addition of a signi# cant 
amount of copper to gold to give a distinctive reddish colour to the # nal prod-
uct (Ogden 2000, 164).

$ e proportions of the various components of alloys may vary. In the case of 
gold alloys, the quantity of gold ranged from 50% to over 85%, the latter purity 
rarely achieved before the Late Period (664–332 BC). Whilst it is clear that gold 
was o! en deliberately combined with large quantities of silver, it is di7  cult to 
distinguish between arti# cial and natural combinations of gold with small quan-
tities of other metals (Weill 1951; Ogden 1993, 39). In the case of copper, it is eas-
ier to provide # gures: archaeological scientists consider a percentage up to 2% of 
iron to be natural, whereas higher # gures (up to 20%) suggest arti# cial additions; 
the threshold for the natural presence of arsenic is 1%, but it might be arti# cially 
added up to 7%. $ e line dividing the natural from the arti# cial presence of tin is 
also 1%, although it might reach 10% in an alloy. Finally, a natural and bene# cial 
presence of up to 2% of lead in copper could be arti# cially increased to 25% by 
volume (Ogden 2000, 152–155).

No extant ancient document contains direct information on how alloys were 
created in practice, in particular on how the various parts were measured and 
mixed. However, indirect information may be derived by comparing the result of 
modern analyses with information on how the Egyptians mixed other substances, 
for instance for pharmacopoeia (Nunn 1996, 140–143). $ e various quantities to 
be combined in a single remedy were o! en expressed in units of capacity, mainly 
using the small henu, corresponding to 1/10 of a heqat (c 450 ml). Strangely 
enough, the use of the even smaller and rather convenient ro, corresponding to 
1/320 of a heqat (c 14 ml) is not unequivocally attested. $ e commonest method 
appears to have been combining parts of substances, o! en expressed by means 
of fractions. Two examples may be a ‘prescription for renewing the skin: honey 
1, red natron 1, northern salt 1, ground into a compound and smeared on’ (pEd-
win verso 4, 3–6; Allen 2005, 113) and another involving ‘fresh bread cooked in 
oil and honey; absinthe 1/32; resin of the umbrella pine of Byblos 1/16; valerian 
1/8; add it together, cook as one thing. To be drunk for four days’ (pEbers, 190; 
Nunn 1996, 142).
$ e creation of metal alloys might have been achieved in a similar way by 

combining parts by volume rather than weights, that is, by establishing ratios 
between the various components. For instance, iron may have been added to 
 copper in proportions varying from 1:30 (corresponding more or less to 3%) to 
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1:5 (20%); arsenic may have contributed a proportion up to 1:14 or 1:15 (c 7%), tin 
may have reached 1:10 (10%), and # nally lead may have varied from 1:30 to 1:4 
(c 3%–25%).

Combining parts of elements instead of weighing them would have been an 
easy and e" ective way to create any desired quantity of alloy. Such a method 
would not have directly depended on any unit of measurement but, as pRhind 
62 reminds us, if the weight was known then the value of the metal would have 
been easier to establish. In fact, if the value of an alloy corresponded to the 
sum of the values of its components, the problem stated in pRhind 62 (cen-
tred on a bag containing equal quantities of metals) might have also applied 
to objects made of alloys. $ is would be in line with the general nature of the 
Rhind papyrus (and ancient Egyptian mathematical sources in general): that 
is, it contains sample problems that would have covered the majority of tasks 
that might have been assigned to a scribe. Even if the data di" ered, the scribe 
could search for the most similar problem and use it to carry out his particular 
task (Clagett 1999, 94). $ erefore, the procedure contained in pRhind 62 might 
have been applied to the general issue of mixtures of metals, either in separate 
pieces or melted together.

STONE

For stone, in contrast to metals, a range of ancient sources collectively provides 
substantial information on the way mathematics was involved in its use. It is 
useful to distinguish between two phases: extraction, quarrying, and processing 
procedures on the one hand, and # nal destination on the other—the shape and 
function eventually adopted by a block in a building, for instance.

In general, only linear and volumetric measurements are found in relation 
to stone: masses larger than small vessels, statuettes or tools, of course, would 
have been impossible to weigh. $ e dimensions of stone blocks were generally 
expressed in royal cubits and their subunits, palms and # ngers. As already men-
tioned above, papyrus Reisner I, suggests that the cubic cubit was subdivided 
into ‘volume palms’ corresponding to ‘slices’ of cubic cubits 1 palm wide, rather 
than small cubes with a side-length of 1 palm (Rossi and Imhausen, forthcom-
ing). Such a subdivision would have been useful both in theory for performing 
calculations and in practice for quarrying trenches or rock-cut chambers. In cal-
culations, it would avoid converting all cubits into palms or # ngers in order to 
shi!  from large to small units, or vice versa. In practice, volumes with a square 
base of 1 by 1 cubit and a thickness corresponding to 1 (or more) palm(s) would 
correspond to parts of the cubic cubits in a straightforward and evident way. $ is 
practical approach to subunits is not an isolated case: as we shall see below in the 
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section on food production, it strongly resembles the way in which areas were 
also subdivided.

Stone quarries provide important information, not only on ancient technology  
but also on wider issues such as the intentions, strategies, and organization of 
the quarrying process (Shaw 1998). $ e marks le!  by the ancient quarrymen, 
for instance, help to reconstruct the geometry involved in the process of stone 
removal, which depended on the hardness of the rock. So!  stones (such as lime-
stone and sandstone) were quarried by digging narrow trenches, generally 3 
palms wide, between the outlines of the blocks. As the remains of the quarry 
north of the Fourth Dynasty pyramid of Khafra at Giza show (2558–2532 9-), 
larger blocks required larger and proportionally deeper trenches to accommo-
date a standing or kneeling stonecutter (Arnold 1991, 31). $ e process for quarry-
ing hard stones (granite, quartzite, and gneiss) was similar, but required more 
time, energy, and patience.
$ e un# nished obelisk abandoned in the granite quarry of Aswan during the 

Eighteenth Dynasty (1550–1295 BC) (Fig. 5.1.1), is the main piece of evidence on 
the subject. A 10-palm wide trench (c 75 cm) was cut all around the outline of the 
obelisk; then vertical lines marked in red on the walls of the trench divided the 
latter into 8-palm wide spaces (c 60 cm), each allocated to a stonecutter. $ e men 
squatted in their positions, their tools next to them, and rhythmically pounded 
the surface of the stone with heavy dolerite balls. $ e division of the area under 
their feet into four quadrants shows that they regularly turned around and 
changed position according to a precise scheme (Arnold 1991, 37). $ e progress 
of the excavation was managed by a foreman, who periodically lowered a cubit 
rod into every working space of the trench, and marked on its wall the position 
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Figure 5.1.1 Control marks on the inner face of the Aswan granite quarry (Clarke 
and Engelbach 1930, ! g 29, reprinted by permission of Oxford University Press)
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of the top of the rod with a little red triangle. $ e progressive lowering of the bot-
tom of the trench was therefore indicated by a sequence of red triangles pointing 
upwards (Engelbach 1923). Measuring the workmen’s progress was an important 
element of the entire process, which would have allowed the foreman both to 
keep under control the e7  ciency of every single workman and to report to higher 
authorities on the status of the work.

To sum up, quarries tell us that the work was organized on the basis of a sim-
ple geometry, easy to measure, apply, and keep under control. $ is observation 
becomes even more interesting if we extend the discussion to rock-cut tombs 
and temples. Quarrying stone always involves the same problems and is carried 
out with similar (if not identical) techniques and tools, thus implying an intrin-
sic similarity between stone quarries and, for instance, rock-cut tombs (Owen 
and Kemp 1994). Moreover, a study of the internal dimensions of rock-cut tombs 
shows that the starting point of the ancient builders was generally a plan com-
posed of simple measurements, expressed in whole cubits (Rossi 2001a; 2001b). 
$ us, it appears that every quarrying activity was carried out on the basis of 
simple geometry, which helped to organize the work and the working space allo-
cated to the stonecutters. In general, workers were expected to remove a known 
quantity of material per day, which allowed foremen to calculate in advance how 
many man-days of work were required to complete a certain task (e.g., pReisner I,
 Section G; Simpson 1963).

Even leaving aside rock-cut temples and tombs and focusing on standing 
constructions, the dividing line between quarrying and building may have 
been very thin. For instance, some stone blocks were partially processed at 
the quarry, to an extent that depended on the hardness of the stone. Dressed 
blocks of so!  stone might be damaged during the transport to the building site, 
whereas blocks of hard stone would su" er less (Arnold 1991, 52; Aston, Harrell, 
and Shaw 2000, 15). Equally, the more hard stone that could be removed at the 
quarry, the lighter the block would be for transport. $ e partial processing of 
stones at the quarry implies that the stonecutters were informed of the # nal 
dimensions (and probably the function) of the blocks they were quarrying and 
dressing (Kemp, Rossi, and Harrell, in preparation). Assuming that a # nal pol-
ishing would have been undertaken at the building site, the ancient builders 
must have known how much stone was to be removed in this last stage, so the 
dimensions requested of the quarrymen would have included an appropriate 
margin.

Finally, a direct transition from quarrying to building is represented by the 
talatats, the blocks used to build the stone temples of Amarna during the reign 
of Akhenaten (1352–1336 BC). $ is king abandoned the traditional polytheistic 
religion in favour of a monotheistic cult centred on the sun-disk, and moved the 
capital from the strong religious centre of $ ebes to the newly-founded capital 
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Akhetaten (modern Amarna) in Middle Egypt. $ ere, in just a few years, he 
built new temples with an innovative design and palaces and tombs for the royal 
family,  around which a large city grew. $ e main building material was mud brick, 
whilst stone was reserved for the most important parts of the main buildings.  $ e 
 rectangular stone blocks used in these cases, called talatats, were 1 cubit long, and 
were already quarried to this shape and dimensions in the  mountains around the 
ancient city. Beside o7  cial quarries, such as the one bearing the name of Queen 
Tiy, mother of Akhenaten, recent studies suggest that commoners might have 
freely quarried stone blocks from the rock surface of nearby mountains in order 
to contribute to the construction of local temples (Kemp, Rossi, and Harrell, in 
preparation). $ eir standardized dimensions and their relatively small size made 
the talatats easy to manage, both by professional stonecutters and builders and 
by private citizens, contributing signi# cantly to the speed and e7  ciency of the 
building process.

Building with stone relied on the usual set of linear units of measurement, 
which were o! en used to calculate volumes as well. Again, no weight is ever 
recorded, and no traces of structural calculations exist: the ancient builders 
relied on combining large blocks of stone into more or less stable compositions 
(Arnold 1991, 109–115), and probably adapted their plans to the available mater-
ial (Wysocki 1984).

$ e calculation of volumes to be removed or built played an important role. In 
the case of excavations, it helped both to calculate in advance how many men would 
be needed and how long the task would take, and to record how much work had 
already been carried out. $ is applied both to rock-cut and standing  monuments. 
Ostracon Strasbourg H.112, for instance, contains a list of work done in the tomb 
of Khaemweset, son of Ramses III (c 1170 BC): besides the linear dimensions of all 
chambers, the scribe also recorded the volume of some of them and the total vol-
ume excavated, up to the twentieth regnal year of the Pharaoh (Koenig 1997, 9, pls. 
44–47; Rossi 2004, 144). Similarly, the Reisner papyri record construction  activ-
ities on unidenti# ed buildings of stone and mud-brick: the text lists the length, 
breadth, height, and volume of each room, plus volumes of sand and  rubble to be 
removed (Simpson 1963, 124–126; 1969, 27; Clagett 999, 261–279).

In the case of standing buildings, calculating in advance the volume to be 
constructed would have been particularly easy in the case of simple geometrical  
shapes, such as pyramids. Problem 14 of the Moscow papyrus calculates the 
 volume of a truncated square pyramid (Clagett 1999, 221; Imhausen 2003, 
88–89, 330–331). $ e method is exactly the same as the one we use today, and 
entails the calculation of the volume of a whole pyramid. $ erefore, even if no 
mathematical  problem involving the volume of a whole pyramid has survived, 
we know that ancient Egyptians could calculate it and also, indirectly, how they 
did so (Gillings 1972, 189). It may therefore be inferred that the ancient builders 
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were able to  calculate in advance the volume of the royal pyramids that they were 
about to build. Such an estimate might have helped them to establish whether or 
not a quarry could provide the necessary amount of stone, and how much (for 
instance, for the outer casing) needed to be imported from elsewhere.

Problems 56–60 of the Rhind papyrus clearly inform us on how slope of a 
 pyramid (or any sloping surface) might be calculated using the seked, or 
 horizontal displacement of a sloping surface for a vertical height of 1 cubit 
(Clagett 1999, 166–168; Imhausen 2003, 166–168; see Fig. 5.1.2). In other words, 
ancient Egyptian surveyors would measure or calculate how much the sloping 
surface had ‘moved’ from the vertical line at the height of 1 cubit. $ ey basic-
ally  constructed a right-angled triangle in which the hypotenuse corresponded 
to the sloping surface (the length of which was irrelevant), the height to 1 cubit, 
and the horizontal top to the seked. $ e seked of real pyramids was expressed in 
palms and # ngers, and generally varied between 6 and 3 palms (giving an ele-
vation of c 49° 30!–c 67°), with rare exceptions outside these values (Rossi 2004, 
# g 99). Although no direct evidence has survived, it is possible that the workmen 
involved in pyramid building might have actually constructed wooden triangles 
in the shape of the chosen seked in order to check their work (Hinkel 1982, # gs 
19 and 20; Lehner 1997, 220; Rossi 2004, 188–199).

From a geometrical point of view, pyramids were relatively simple to build. 
Apart from the case of the Bent Pyramid (the earliest ‘true’ pyramid, dating 
around 2600 BC, where structural problems forced the builders to drastically 
reduce the slope twice during construction; Maragioglio and Rinaldi, 1964, 
58–62, Stadelmann 1985, 87–92, Rossi 2004, 221–225), the # nal result must 
have been identical to the expected design. More complicated buildings, how-
ever, might undergo a certain amount of modi# cation during construction. A 
careful study of ancient sources and # nished monuments shows that the ancient 
builders  generally started from simple dimensions, easy to handle and to com-
bine (Arnold and Arnold 1979). In the case of rock-cut tombs, for instance, the 
corridors were ideally meant to be 30 cubits long, and the length and breadth of 

Seked

1 cubit

Figure 5.1.2 The seked of pyramids and 
other sloping surfaces
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the various chambers were supposed to correspond to round and simple # gures, 
such as 18 : 16 or 16 : 15 cubits (e.g., Engelbach 1927).

In practice, however, the # nal dimensions could be di" erent, depending on 
time constraints or di7  culties encountered during the work. $ is discrepancy 
between ideal and outcome was not a problem and, in fact, was o! en completely 
ignored: papyrus Turin 1885, representing the tomb of Ramses IV (1153–1147 9-),
 suggests that the completion of the work in a royal tomb was o7  cially ‘certi# ed’ 
by an extremely detailed survey of the interior, where the dimensions of each 
architectural element were recorded with a precision expressed in cubits, palms, 
and # ngers (Carter and Gardiner 1917). $ e # nal survey was meant to con# rm 
that the tomb had been completed and that every detail had been taken care of; 
at this stage, the dimensions used years earlier to start the excavation appear to 
have been long forgotten (Rossi 2004, 142–147).

One exception to this preliminary (and theoretical) adoption of simple meas-
ures can be found in the so-called Building Text, engraved on the walls of the 
Ptolemaic temples of Edfu (237–142 9-) and Dendera (54–20 9-) (Cauville and 
Devauchelle 1984; Cauville 1990). Here the dimensions of the various rooms are 
said to comprise a combination of round # gures and a series of fractions, evi-
dently the result of a rather complex planning process (Rossi 2004, 166–173). $ e 
degree of correspondence between the text and the # nished monument is still 
unclear but, again, it may be irrelevant: in this case, the builders were evidently 
proud of these complicated # gures, to the point of immortalizing them on the 
temple walls. $ eir symbolic meaning might have been more important than 
their manifestation in the actual building.

In conclusion, building or quarrying a monument was a complex task that 
required a large number of well-organized workmen, backed by an e7  cient 
 system that supported their work, their life, and their families. Keeping under 
control factors ranging from the daily e7  ciency of each worker to the successful  
completion of the project required organization based on simple # gures that 
could be easily understood by everyone involved and monitored by those who 
were in charge of managing and recording the process.

FOOD PRODUCTION, FROM FIELD TO GRANARY TO TABLE

Mathematics was deeply embedded in the seasonal and daily activities of 
 measuring # elds, assessing harvests, calculating taxes, storing agricultural 
 products, and producing staple foods. $ ese activities, which all involved 
 counting, measuring, and calculating with units of length, area, and capacity, 
involved the great majority of ancient Egyptians. For many of them it represented 
their main daily occupation (Samuel 2000, 537).
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Agriculture was, and still is, the main source of food in Egypt. In ancient times, 
emmer wheat and barley played a fundamental role in the Egyptian society, not 
only as basic elements of the daily diet but also as a measure of wealth (Murray 
2000a, 506). Fruit, vegetables, and pulses were also widely consumed (Murray 
2000b, 609), whereas # sh and meat were probably eaten once or twice a week 
(Ikram 2000, 669). Cultivation was heavily dependent on the annual Nile 8 oods. 
In August, water progressively inundated the cultivable land, which was divided 
into large basins by means of earthen dykes; it slowly receded a! er about a month 
and a half, washing away the damaging salts and leaving behind well soaked and 
e" ectively fertilized soil (Butzer 1976, 17–18).

It appears that the slightly wetter climate of the Old Kingdom (2686–2160 
9-) did not require particular management of the 8 oods, whereas some atten-
tion started to be paid to this subject in the Middle Kingdom (2055–1650 9-). In 
general, however, for most of ancient Egyptian history, human intervention was 
limited to helping this event to take place in the best possible way. Trenches chan-
nelled the 8 ood as far as possible, in case of low 8 oods water would be retained 
for longer in order to ensure a satisfactory saturation of the soil, and the con-
struction of dykes protected settlements and other installations from particularly 
high 8 oods (Butzer 1976, 51–56; Murray 2000a, 514–515). In the New Kingdom 
(1550–1069 9-), the introduction of the shaduf, a simple pole and lever device to 
li!  water, improved the agricultural production of small plots but had little in8 u-
ence on large-scale cultivation. A major change took place in the Ptolemaic Period 
(332–30 9-), with the introduction of the saqiya, a ‘water-wheel’ that ensured a 
continuous 8 ow of water on a much larger scale (Butzer 1976, 47–50; Venit 1989; 
Eyre 1994, 63–64). Until then, and even a! er, the Nile remained the crucial factor 
in determining successful or unsuccessful agricultural production.

$ e height of the 8 ood was a potential indicator of the prosperity (or misery) 
of the coming year. For this reason, the level of the river, carefully measured in 
cubits, palms, and # ngers, appears among the earliest ancient Egyptian records 
(Clagett 1999, 3). $ roughout ancient Egyptian history, a series of ‘nilometers’ 
scattered along the river helped the population and the authorities to observe 
the 8 uctuations in the water level, and to estimate the productivity of the next 
harvest and, as we shall see below, the ensuing ‘taxes’ (Murray 2000a, 515). Once 
the 8 ood water receded, it was necessary to re-establish the rightful boundaries 
of the agricultural plots (Gri7  th 1926, 204). $ e ancient Egyptians must have 
been very skilled in this practice, since they had to deal with this problem every 
year: their long-established ability prompted the # ! h-century 9- Greek histor-
ian Herodotus to report that geometry, whose original meaning is simply ‘land-
measurement’, was born in Egypt and from there had been later exported to 
Greece (Histories II, 109).
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Beside the basic cubit, # elds could be laid out and measured by means of the 
khet, equal to 100 cubits. $ e commonest unit of area measurement was the setjat 
(also called aroura) equal to 1 square khet (that is, an area of 100 : 100 cubits), 
which could be subdivided in two ways: either in progressive halves (1/2, 1/4, and 
1/8 of the setjat, used in the Pharaonic period, to which 1/16 and 1/32 were added 
in the Ptolemaic period) or into so-called ‘cubit-strips’, that is, elongated areas 
1 cubit wide and 1 khet (100 cubits) long (Clagett 1999, 12–13; Imhausen 2003, 
66–67). Several tombs contain representations of men surveying # elds by means 
of ropes, marked at regular intervals by knots (Campbell 1910, 87; Berger 1934; 
Borchardt 1967; see Fig. 5.1.3). Pairing this information with the fact that the 
hieroglyphic sign for the number 100 was a coil of rope(s), it may be concluded 
that ropes 100 cubits long were used to survey the # elds (Arnold 1991, 252). It has 
also been suggested that another hieroglyphic sign  (s3), may represent a 
measuring rope, ‘taking the end loops as handles and the side loops as tags mark-
ing the ells [i.e., cubits]’ (Reisner 1931, 78).
Long cords made of coarse plant # bres would have inevitably been very thick, and 
even if the length was subdivided by means of painted marks instead of bulky 
knots, precision could not be guaranteed (Dorner 1981, 94–95). Approximation 
might have been acceptable for measuring # elds, but the adoption of the same 
method in other contexts is a matter of debate. It is well known, for instance, 
that the ‘stretching of the cord’ was one of the most important ritual steps of the 
elaborate ceremonies that had been performed since earliest times to mark the 
foundation of important buildings (Borchardt and Schäfer 1900, 97; Engelbach 
1934; Fakhry 1961, 94; Barguet 1962, 31; Redford 1971, 114–115; 1976, pl. 18; 
Wilkinson 2000, 111–112, 139). In general, cords must have played an important 

Figure 5.1.3 Land-surveyors from the Eighteenth Dynasty tomb of Amenhotepsesi 
at Thebes (Davies 1923, pl X, courtesy of the Egypt Exploration Society)
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role in establishing and keeping the alignment of the walls and, to a certain 
extent, of the corners of buildings (Pendelbury 1951, 6). It is likely, however, 
that operations requiring a high level of precision (such as establishing right 
angles) were carried out by technicians outside the ritual ceremony, perhaps 
using wooden tools or shorter and thinner cords, that ensured a higher degree 
of accuracy (Rossi 2004, 154–161).

Going back to agriculture and turning to the shape of the # elds, beside the 
most obvious rectangular outline the mathematical sources also include examples  
of calculation of triangular, trapezoidal, and circular areas as large as # elds 
(respectively,  pRhind 51 and pMoscow 4; pRhind 52, reproduced in Fig. 5.1.4; 
pRhind 50). Whereas the triangular and trapezoidal cases may well have arisen 
as the result of a regular grid of # elds intersecting with an irregular  element of the 
landscape, the third case (a circle with a diameter of about 470 m and a circum-
ference of nearly a kilometre and a half) is likely to have been purely theoretical 
(Gillings 1972, 139). In fact, the presence of such an unrealistic example might 
even prompt further comments on the nature of these mathematical papyri: on 
the occasion of giving practical instructions for one of the most common tasks 
that a scribe would have been assigned, that is the calculation of the area of # elds, 
the papyri provided in fact a complete list of methods to calculate the areas of the 
most common geometrical # gures, including the circle, under the same practical 
example. Once more, it appears that the scope of the mathematical papyri was 
not simply to list speci# c cases, but also to provide examples and methods that 
might be applied to wider issues.
$ e cycle of food production lasted for months: the harvest of cereals took place 
between February and May, followed by threshing, winnowing, and sieving. 
$ e # nal product was stored still as spikelets, postponing the elaborate  process 
of obtaining the clean grain to the moment immediately prior to consumption 
(Murray 2000a, 526–527). Before that, it was carefully measured in order to estab-
lish the amount that had been produced and to set aside the portion that corre-
sponded to the expected state revenues. $ e use, in this instance, of the modern 
word ‘taxes’ may be problematic, as in New Kingdom Egypt (1550–1069 9-)
 there seems to be a di" erence between dues in kind (items counted or items 

Figure 5.1.4 pRhind problem 52, on the area of a trapezoidal ! eld (Chace, Bull and 
Manning 1929, pl 74, reprinted by permission of the Mathematical Association of 
America)
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produced by labour) imposed on o7  cials or on ordinary people on the one hand, 
and harvest-yield or harvest-tax, dues and tributes or gi! s on the other (Gardiner 
1941, 60; Katary 1989, 172; Ezzamel 2002a, 20–21). At any rate, it is clear that 
a # xed proportion of the harvest was taken from the cultivators, transported 
 elsewhere among strict security measures (Gardiner 1941, 23–34, 38–41; Ezzamel 
2002a), and used either to supply state institutions or to pay for exchanges of 
services between them (Menu 1970, 83–91; Katary 1989, 18). Labelling as ‘taxa-
tions’ a number of intra-governmental transactions listed in the ancient sources 
is a matter of debate, and depends not only on establishing the level of control of 
the various institutions on the land, but also on whether or not some institutions 
(such as temples) should be considered part of the state (Katary 1989, 24,184; cf. 
Stuchevsky 1974; Janssen 1979).
$ e amount to be collected by state o7  cials was calculated on the basis of the 

quality of the # elds, which were classi# ed into three groups (Janssen 1975, 143). 
$ e assessment, carried out by scribes, depended on a combination of factors 
including size and position of the # elds but also the presence of canals, lakes, 
wells, and trees (Goedicke 1967, 56, 72). $ e extent of the land was measured in 
setjat and then multiplied by a factor conventionally called ‘measure of corn’, 
which might be 5, 7 1/2, or 10; dues of 1 part in 13 1/3 (that is, 7.5%) were then 
levied from the resulting # gure (see Gardiner 1948, 35). If necessary, the dam-
age in8 icted by irregular inundations was taken into account to correct these 
initial expectations (Ezzamel 2002b, 80; cf. Katary 1989, 214). $ e crop was 
surveyed when still standing by an o7  cial team including the tax scribe, the 
clerk of the land, the envoy of the stewards, the ‘stretcher of the cord’, and the 
‘holder of the cord’ (Ezzamel 2002b, 72–74). Once harvested and threshed, the 
product was measured again by pouring it into containers of known quantity, 
thus e" ectively establishing its volume rather than weight (Murray 2000a, 523, 
# gs 21.9–10). In this respect, the unit of measurement that was used, the heqat, 
may be considered both a unit of volume and a unit of capacity (Chace, Bull, 
and Manning 1929, 33–34; Clagett 1999, 13). For extremely large volumes, the 
Egyptians used the double- and the quadruple-heqat, the values of which corre-
sponded to twice or four times the value of the heqat. $ e largest unit of volume/
capacity was the khar, or ‘sack’, corresponding to 20 heqat or 5 quadruple-heqat 
(Clagett 1999, 14–15; Imhausen 2003, 58). $ e khar corresponded to 2/3 of a 
cubic cubit, thus allowing the scribes to easily shi!  in their calculations between 
the volume of a container (expressed in cubic cubits) and the volume of prod-
uct (expressed in volume/capacity units). Once the former had been calculated, 
the latter, expressed in khar, could immediately be obtained by multiplying the 
number of cubic cubits by 1 1/2. By # rst turning the khar into quadruple heqat, 
the scribe could have obtained the number of heqat stored in the given granary 
(e.g., pRhind 41–44).
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Weighing the grain and establishing how much could be stored in each granary 
was not only the # nal act of the long cultivation process that had started a year 
earlier: it was also the basis for the wealth and well-being of the population in the 
following year. Large quantities of stored grain ensured a steady supply of basic 
ingredients. Cooking, baking, and brewing were daily activities, based on trad-
itional practice, and transmitted by means of recipes in which the ingredients were 
mixed by parts rather than weights, as in pharmacopoeia (Nunn 1996, 140–143; 
Wilson 2001). Taste, of course, also played an important role in the composition of 
the mixture, and the Egyptians appear to have been very skilled at manipulating 
the ingredients to obtain the desired result (e.g., Samuel 2000, 557).

Bread and beer represented a constant on every Egyptian table, from the peas-
ant’s to the king’s. $ e two products had a lot in common, as they were made of 
the same main ingredients (emmer wheat and barley) and were manufactured 
using similar technologies. $ e close relationship between brewing and baking is 
also witnessed by the large number of ancient representations which show these 
two activities together (Samuel 2000, 596). Bread and beer also shared the use of 
a peculiar unit of measurement, the pefsu, generally translated as ‘cooking ratio’. 
In the case of bread, the pefsu corresponded to the ratio between the number of 
loaves and the quantity of cereal in heqat that had been used to make them; in the 
case of beer, it corresponded to the ratio between jugs of beer and heqat of grain. 
In other words, the pefsu measured the strength of the product and, as a conse-
quence, its’ nutritional contribution and therefore its commercial value. A pefsu 
of 5, for instance, meant that # ve loaves had been made from one heqat of grain, 
whereas a pefsu of 10 meant that one heqat had been diluted into ten loaves, and 
a similar process applied to beer: the lower the pefsu, the more valuable were the 
bread and the beer.

$ e mathematical sources contain several problems involving the pefsu of 
bread and beer. In the Rhind papyrus the pefsu of bread ranges between 5 and 
45, whilst that of beer is always 2; in the Moscow papyrus, the pefsu of bread 
is always 20 and that of beer varies between 2 and 6. Some Middle Kingdom 
administrative texts report pefsu values ranging between 60 and 80 for bread 
and between 1 and 2 for beer (Imhausen 2003, 115–116). By assessing the nutri-
tional value of bread and beer, the pefsu played an important role in the ancient 
barter society, since it established their commercial value and allowed a bal-
anced exchange of products (Clagett 1999, 60). In fact, a number of extant 
mathematical problems involve not only exchange of loaves of di" erent pefsu 
(pRhind 72–76), but also exchange of bread for beer (pRhind 77–78). In the 
latter case, a fair exchange could only be performed if the strength of both 
products was known.

$ e Rhind and Moscow papyri may not contain the entirety of ancient 
Egyptian mathematical knowledge, but they certainly contain a good sample of 
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the tasks that might have been assigned to a Middle Kingdom scribe. $ e pre-
dominance of certain types of problems, therefore, very likely re8 ected the most 
common events. In the Rhind papyrus, for instance, ten problems deal with pefsu 
of bread and beer (69–78), eight with the calculation of large areas (48–55), six 
involve various quantities of grain (35–38, 80–81), six concern the calculation 
of the volume of rectangular and cylindrical granaries (41–46); then eight focus 
on the distribution of loaves among men (1–6, 63, 65), one on the distribution 
of fat (66) and one of grain (68), and three on the distribution of food to various 
animals (82–84). $ is means that, out of eighty-seven problems contained in this 
document, thirty deal directly with food production and fourteen with the dis-
tribution of food. In the Moscow papyrus, out of twenty-# ve problems, ten focus 
on pefsu of bread and beer and six on the calculation of areas.

$ e huge task of re-organizing the land a! er the annual inundation, the 
repeated necessity of measuring the # elds, the ability to forecast the productivity 
of the land and to calculate the consequent ‘taxes’ and the storage of the products, 
were all activities that required simple, e7  cient, and 8 exible mathematical man-
agement. Conveniently based on a system of intertwined units of measurement, 
it allowed scribes and technicians to exchange information easily and ensure an 
equitable distribution of goods.

CONCLUSIONS

$ e study of the relationship between mathematics and technology in ancient 
Egypt highlights a number of interesting points and suggests possibilities for 
 further exploration.

Many details of how mathematics was involved in various technological 
 processes remain obscure, but the available material still yields some  important 
information. New studies of ancient mathematical papyri, for instance, can pro-
vide new insights into the nature of the ancient sources and extend their realm 
of in8 uence beyond their obvious # eld. As we have seen, the extremely practical 
character of the mathematical papyri might distract our attention from the fact 
that, aside from providing straightforward examples of precise tasks, they may 
also indirectly provide solutions for problems that are not speci# cally mentioned. 
$ is may be the case, for instance, for pRhind 62, which directly mentions a bag 
full of separate pieces of precious metals, and indirectly may imply any mixture 
of metals. It is possible to push this argument even farther, in a way reversing it, 
to suggest that in the Egyptian mathematical papyri general issues were normally 
presented as practical examples. Instead of talking about ‘mixtures’ of metals, the 
papyri mention a particular bag with particular contents; instead of indicating 
how to calculate the areas of various geometrical # gures, they list a sequence of 
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# eld-areas, even including what in practice would be an unrealistic shape for a 
# eld—an enormous circle.
$ e available sources from ancient Egypt are extremely limited both in num-

ber and in scope (Ritter 2000, 115–6). Postulating the existence of now lost 
documents that would cast a completely di" erent light on ancient Egyptian 
mathematics may be unrealistic, but the possibility that texts of similar nature 
but listing di" erent topics existed but did not survive should not be dismissed. 
For instance, pRhind 62 appears to be the only problem dealing with an area 
of cra! smanship that occupied an important position in the ancient society. 
Metal working was involved in the production of objects ranging from simple 
tools to precious jewels, and the technology involved and the organization of 
the working areas shared several characteristics with glass working and faience 
production sites.

Modern experimental archaeology and scienti# c analyses provide important 
information about technological processes and the chemical and physical com-
position of the # nal products. In some cases, such as bread and beer production 
and the composition of metal alloys, the ancient method has been more or less 
reconstructed; in other cases, however, such as glass and faience, many import-
ant details of the technology employed in their production remain unclear 
(Nicholson and Henderson 2000; Nicholson and Peltenburg 2000). $ e lack 
of mathematical problems referring to these technological areas may be due 
to several factors; the most obvious is the uneven preservation of the ancient 
mathematical texts. Another reason may be the nature of the surviving math-
ematical sources: as already mentioned above, the extant mathematical texts 
are school exercises meant to teach mathematics to scribes, and it is possible 
that scribes were not expected to be professionally involved in glass or faience 
working. If this is true, then one may even infer that mathematics did not play 
a particularly important role in the technology relating to glass and faience, 
which instead relied on a long and consolidated practice that did not require 
speci# c calculations.

In conclusion, it is vitally important to look at ancient technological processes 
from an ancient point of view and, in particular, whenever possible, to adopt 
ancient mathematical language: expressing the slope of pyramids in degrees may 
help us to visualize their shape, but it tells us nothing about how ancient archi-
tects understood the mathematics involved in their work. Similarly, percentages 
certainly help us to describe the composition of certain mixtures, but only by 
expressing them as proportions can we visualize the ancient method of making 
them. Such a 8 exible and careful approach ensures that modern points of view 
do not interfere with reconstructing ancient methods, and do not hide the fun-
damental di" erences between the two systems.
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CH A P T ER 5. 2

Siyaq: numerical notation and numeracy in the 
Persianate world
Brian Spooner and William L Hanaway

Siyaq1 is a system of numerical notation that was introduced during the early 
Islamic Caliphate, probably under one of the Umayyad caliphs in Damascus 

between 656 and 751 )+, and was preferred throughout the Persianate regions 
down to recent times. $ e basic system is shown in Figs. 5.2.1–5.2.3. It is derived 
from writing out the words for each of the Arabic decimal numerals. $ e earliest 
extant records of siyaq are found in # nancial accounts written for the Abbasid 
Caliph al-Moqtader in Baghdad in 918–9 )+)+ (Kremer 1887). By this date, each 
grapheme2 had already evolved into a cursive shorthand, and was di7  cult to 
read for anyone not practised in it, whether or not they were otherwise literate 
in Arabic. As a system it did not introduce any new principles of numeration, 
since it is decimal and ciphered, in the sense that there is a distinct grapheme for 
each numeral. But it o" ered a new range of advantages and disadvantages, which 
 conditioned its historical role. From the ninth century down into the twentieth,  
siyaq was the primary system for recording quantities, measurements, or 

1. $ is is the most common name, which is pronounced with a long # nal syllable. Other names include: 
khatt-e siy%q, khatt-e raq%m, khatt-e roqumi, khatt-e din%ri, hes%b-e roqum, hes%b-e din%ri. In Romanizing 
words from the Arabic script we have followed current Persian usage throughout, in order to avoid using 
 di" erent systems for di" erent languages.

2. We refer to the siyaq numerals as graphemes (rather than, for instance, =s, characters, signs) in order to 
avoid the associations that come with the other terms.
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Figure 5.2.1 Siyaq graphs for units, teens, and tens, as used in the central Persianate 
region, showing how the words for the numbers became progressively deformed 
(from Kazimzadeh 1915)
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Figure 5.2.2 Siyaq graphs for hundreds and thousands, as used in the central 
Persianate region, showing how the words for the numbers became progressively 
deformed (from Kazimzadeh 1915)
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Figure 5.2.3 Siyaq graphs for larger numbers, as used in the central Persianate 
region, showing how the words for the numbers became progressively deformed 
(from Kazimzadeh 1915)
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anything involving a quanti# ed amount in certain types of documents through-
out the Persianate world.

We use the term ‘Persianate’ (a! er Hodgson 1974) for the northern and eastern  
areas of the Islamic world, where Persian has been the primary language of literacy  
(except in certain religious contexts) throughout the past millennium. Persian 
had been the court language of the Iranian Achaemenid (559–330 9-), Parthian 
(238 9-–224 )+), and Sasanian (224–651 )+) empires, when it was written # rst 
in a cuneiform alphabet, later in a form of the Aramaic script. It re-emerged a! er 
the Arab conquest of west and central Asia in the court of Samarqand (in modern  
Uzbekistan) under the local ninth-century Samanid dynasty—in the Arabic 
script. Persian then spread through the territory we now know as Central Asia, 
Afghanistan, and Iran (Fig. 5.2.4). In the thirteenth  century, under the Mongols, it 
moved further east along the major trade routes into central China. $ e Ottomans 
took it further west through Anatolia into southeastern Europe and the Balkans. 
Finally, under the Mughals in sixteenth-century India, it became the primary 
language of administration and belles  lettres across most of South Asia. Over this 
vast area Persian thus became both the common medium of  literacy, along with 
all interaction that was based on literacy, and for a time also the preferred lingua 
franca for oral communication between people of di" erent language backgrounds 
(though it surrendered the latter function to Turkic in the later medieval period). 
Although it began to give way to progressive vernacularization in the peripheral 
areas as early as the fourteenth century, throughout most of this territory, from 
roughly the ninth century into the nineteenth and twentieth, Persian remained 
the primary medium of written communication, irrespective  of what was spoken  
locally, whether for administration, belles lettres, or even trade. In India the 
British colonial government replaced Persian with English for administration 
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Figure 5.2.4 Persianate area of Eurasia between 850 and 1900 AD, indicating its 
greatest extent. Map drawn by Kimberly Leaman
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in 1837, while elevating Urdu (a vernacular Persian–Hindi creole) to law-court 
usage. As a result, siyaq disappeared from government documents, but continued 
to be used in matters relating to landholding and other rural accounting.

Not long a! er siyaq was adopted in the early Arab-Islamic administrations in 
Damascus and Baghdad, new regional political centres in the east (now eastern  
Iran, northern Afghanistan and the Central Asian republics) began to revive 
court protocols and genres of literacy from the Sasanian past. $ ey also turned to 
Persian for administration. $ ey did not, however, return to the Sasanian system 
of numerical notation.3 Ironically, it was in the Persianate region, as described 
above, rather than the Arabic-speaking regions of Syria, Arabia, and Egypt, that 
siyaq continued as established practice down to modern times. $ e survival of 
siyaq throughout the Persianate world for so long irrespective of other possibilities,  
and irrespective of changes in neighouring regions, requires explanation,  and we 
shall return to consider it at the end of this article.

PERSIANATE NUMERACY

Siyaq is one of several complementary components of Persianate numeracy. As 
was common elsewhere, the various functions we now understand under the 
single  heading of numeracy were learnt and practised independently.4 In this vast 
Persianate area from Bosnia to China and India, both in Persian and in the succes-
sor Persianate languages of literacy,5 numbers were written in di" erent ways for 
di" erent purposes. Only two of these purposes, namely counting or numbering  
and recording, were written, but they were written di" erently. Calculating did 
not entail writing. We will consider each of these functions, in order to clarify 
the conditions of siyaq usage.

First, calculation is almost invisible in the written record. It was done with 
counters—moveable objects organized in various ways—either in columns on a 
8 at surface, (takht, ‘board’) or, later, on the wires of an abacus, that symbolized  
decimal place. (No written form of numeration in the Islamic world showed 
place value until the later adoption of Indian-Arabic numerals.) All money was 
in the form of coins, which easily fell into the conceptual framework of counters 
(cf. Netz 2002, 11). Further, some of the region’s most popular games, such as 
backgammon, depend not only on counters but also on the highly developed 
skill in the movement and manipulation of counters that comes as a matter of 

3. $ e Sasanians had used an additive, non-place value system of numerical notation (Nyberg 1964, 173).
4. Compare, for example, Netz (2002) on Greece in the # ! h century 9-. $ is article, which came to our 

attention a! er most of this chapter was written, pursues a number of arguments from the perspective of 
ancient Greece that are complementary to the orientation presented here.

5. Such as Ottoman Turkish, which emerged in the # ! eenth century, and Urdu, which became dominant 
in the seventeenth.
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course with takht or abacus calculation. $ is non-literate method of calculation 
 satis# ed the needs of the majority non-literate population, separating them from 
the minority literates—a situation that was probably common in most civiliza-
tions down to modern times. But the divide may have been deeper and even more 
 historically signi# cant in the Persianate world—for reasons that will become 
clearer as we proceed.

Second, counting and ranking were, as we would expect, by Persian or 
 vernacular cardinal and ordinal numerals, both oral and (for the literate) written, 
using the words for the number, and later also the Indian numerals.

$ ird, the oldest system of numerical notation associated with Arabic and 
Islamic literacy was the alphabetic ciphered system, which had been inherited 
from the early versions of the Semitic alphabet. Each Arabic letter carried the 
same numerical value as its equivalent in Aramaic and Greek. In Arabic-script 
languages this system was known as abjad, a! er the # rst four letters of the early 
Semitic alphabet (a, b, j/g, d). It was used to assign simple numbers to successive 
objects, especially pages, and continues to be used in some of the situations where 
Roman numerals are still in use in English, such as the pages of a book preface. 
$ e same system was also used for chronograms, making possible the construc-
tion of words that carry the meaning of signi# cant dates. $ ough it served these 
purposes well enough, it was unwieldy for large numbers.

Fourth, the Arabic form of what are known in the West as Arabic numerals, 
arrived in the Islamic world from India not long a! er the adoption of siyaq. 
$ ey were already used by al-Khw>rizm? in early ninth-century Baghdad, but 
were not adopted generally or applied in common daily use, except sometimes 
in place of the abjad system (Hinz 1950, 6), until the late medieval period. Even 
then they did not replace siyaq but were used alongside it to make falsi# ca-
tion more di7  cult. One reason suggested for the delay in adopting the Indian 
numeral system is its dependence on ‘points’ (Bagheri 1998, 301 in reference 
to Mazandarani 1952, 24)—zero had still not evolved from the Indian bindu (a 
simple dot indicating the absence of a number) to the full-size numeral of mod-
ern numeration.

Against this background we can now concentrate on siyaq. Literacy was less 
established among the conquering Arabs than in the ruling class of the Sasanian 
Empire that they replaced. In Sasanian society professional writers were a 
 privileged class. $ e status carried over to Islamic chanceries, where the profes-
sional writers were called monshi, which has generally been translated as scribe. 
During the early development of Islamic administrative practice, scribes and 
 accountants were recruited mainly from the bureaucracy that had managed the 
administration of Western Asia for the Sasanians since the early third  century, 
and which probably enjoyed continuity from much earlier. By default these 
recruits continued the practices of the earlier regime. But there was a gradual 
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process of Arabization—perhaps an explicit policy. Arabization is said to have 
been launched by the Umayyad Caliph Àbdu’l-Malik in 706 )+ (Hinz 1950, 3). 
$ e use of Arabic in all writing, including administration, spread fast, and it 
appears to have been assisted, perhaps facilitated, by non-Arabs, especially the 
literate elite of the Sasanian bureaucracy. Non-Arab scribes, o! en converts to 
Islam, practised, rationalized, taught, and promulgated Arabic grammar and 
the new genres of literacy that came with the language of the Qur’an. Although 
the memory of Sasanian practice continued to be a signi# cant in8 uence, at some 
point, possibly as early as the turn of the eighth century, numerical notation 
was also Arabized. Since chancery practice in general was in Arabic, it is not 
surprising  that the recording of numbers should also have been Arabized.

$ e introduction of siyaq appears to have preceded the arrival of the Indian 
numerals: the general Arabizing atmosphere would probably have inhibited 
the latter’s adoption. However, it is di7  cult to assess how strong such ethnic 
 considerations might have been in earlier historical periods. $ ere is circumstan-
tial evidence to suggest that the change was more the result of zeal for the new 
regime among scribes who were non-Arab converts to Islam (opposed by some of 
their—perhaps unconverted—peers), than an ethno-political drive on the part of 
the new rulers, who may not have been fully literate anyway. Siyaq, which o" ered 
far greater 8 exibility than other systems available at the time, in particular by 
easily accommodating the expression of numbers of any magnitude, was both 
introduced and used by scribes. By contrast, the Indian numerals, when they 
arrived, were used by scholars in mathematics and science.

How the term siyaq came into use, both in its origin and its etymology, is 
uncertain. Arabic dictionaries list it under the same root as suq ‘market’, but 
without suggesting the connection. It is later explained as siy%q al-mostà rabin, 
meaning the method of those in favour of Arabization, which would # t nicely, but 
may be a later (thirteenth century) rationalization (ibn Tiqtaqa, in Bagheri 1998, 
299). One Iranian scholar argues for tracing it back to a pre-Islamic Persian word 
meaning ‘number’ (Rahnama 1995).

THE FORMAL FEATURES OF SIYAQ

$ e Arabization of numerical notation that became known as siyaq took the form 
of simply writing out the Arabic names of the numerals. It may have been adopted 
from known models in other languages. For instance, the same procedure was 
apparently customary in early Greek before the adoption of various acrophonic 
numeral systems in the seventh century 9- (Tod 1911–2). But whether by original 
design or by simple professional scribal process—there is no textual evidence—
the names of the numerals quickly became abbreviated, distorted, stylized into 
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convenient shorthand, producing a form of numerical notation that was uniquely 
cursive. $ e transition from the transparently readable words for the numerals, 
that would have been accessible to anyone who was literate in the Arabic script, 
to what became known as siyaq, which is very di7  cult to read even for the literate 
unless they were trained, was facilitated by the unique nature of the Arabic script 
along with the particular sociology of literacy in the Islamic world. $ e process 
was no doubt facilitated by the longstanding practices of the scribal profession.

Despite common assumptions about reading in alphabetic scripts, when we 
read fast we in fact read not letter by letter but by word-shape, ideographically. 
When we work with numbers, we scan numbers and combinations of numbers 
similarly. If this is true for us as we read Roman printing, it is more so for readers 
of Arabic script. In fact before Arabization the Persians were accustomed to what 
they called huzvarishn ‘logograms’: in writing their pre-Islamic Persian language 
in a modi# ed form of the Aramaic script they wrote many common words in their 
Aramaic equivalent and read them as though they had written out the Persian.6 
$ ey were reading ideographically, and could therefore easily take to siyaq—writ-
ing in a simpli# ed form of one language and reading it straight o"  in another.

Writing in the Arabic script, compared to other scripts, is not only cursive by 
default, but cursive to a much greater degree than what we know as cursive in the 
Latin alphabet. Although alphabetic, it is written not by the individual letter but 
by the pen-stroke. Each pen-stroke advances the writing through a succession of 
letters. $ e number of letters incorporated into each pen-stroke varies according 
to the nature of the particular letters and the order in which they are to be written.  
($ e letters fall into groups according to their form, each of which connects to 
preceding and succeeding letters di" erently.) In practice, therefore, writing in 
any Arabic-script language draws not simply on the small number of letters in 
the alphabet (28 for Arabic, 32 for Persian, slightly more for Urdu, and so on), but 
on a far larger repertoire of pen-strokes, each of which is a particular pattern of 
letters, usually one to four, but sometimes more. $ ese pen-strokes easily become 
rushed, condensed, abbreviated, stylized, and distorted—more so than in the case 
of Western handwriting. Since siyaq was introduced, handwriting  in the Arabic 
script has moved through a succession of styles, each of which are re8 ected the 
writing of siyaq. $ erefore, once numeracy became embedded (in the form of 
siyaq) in Arabic literacy, it became subject to all the factors that governed the 
sociology of literacy in that script down to the time when social changes began 
to transform and open up literacy in modern times. $ e relative lateness of the 
general adoption of printing in this part of the world, especially printing other 
than lithograph, is a consequence of the same sociology.

6. Readers of English also do this to some extent: we are more likely to verbalize ‘e.g.’ as the English phrase 
‘for example’ than as the Latin exempli gratia.
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Bureaucrats were a small, elite professional community. Recruitment was 
largely hereditary. $ ey were interested in maintaining, and probably (to fur-
ther their interests under the new political regime) enhancing, the cultural value 
of written language (already greatly elevated by the way the Qur’an had come 
to be understood as the written word of God), reinforcing restrictions on its 
accessibility  and by extension promoting their own status.

Despite its di7  culty, and apart from some regional divergence of form between 
the three main empires of late medieval Islam, the Ottomans, the Safavids, 
and the Mughals, the practice of siyaq continued and remained stable for both 
administrative and commercial purposes well into the twentieth century. It was 
used both by accountants and bookkeepers in the # nancial administration of 
the Iranian, Ottoman, and Mughal governments, the Uzbek governments of 
Central Asia, and by merchants, landholders, irrigation o7  cials, and other pri-
vate individuals from as early as the eighth until well into the twentieth century. 
It was taught in schools in Iran as part of the standard curriculum until the early 
1930s, and in India and Pakistan until later. It was terminated by Romanization 
in Turkey in 1928. In Iran it ceased to be taught in schools a few years later. But it 
did not entirely go out of use in rural areas of South Asia until some time in the 
second half of the twentieth century.

Siyaq di" ers from other systems of numerical notation in that although it is 
essentially a ciphered system, the history of its development is akin to the his-
torical transformation of copperplate into bad handwriting. For this  reason, 
it is read ideographically, even more so than may be the case with any hand-
writing. $ e basic graphemes, written from right to le! , are organized in units, 
tens, hundreds, thousands, and so on. Compound numbers are formed by com-
bining the basic shapes, o! en with small changes, sometimes with the second 
component written through or above, as well as at least slightly to the le!  of the 
# rst (Figs. 5.2.5–5.2.6). $ e higher decimal places are written (and read) # rst, 
except that units come before tens (as in the earlier English ‘# ve and twenty’). 
$ e value of a number is the sum of the absolute values of the graphs that 
 constitute it.

It is a feature of the Persian language that numbers are always used with 
counters, or classi# ers, in speech as well as in writing. Siyaq numbers simi-
larly always implied an amount of something, rather than an abstract num-
ber. $ e siyaq graphemes used in what is now Iran, which was central to the 
communication  networks throughout the Islamic world, were used for two prin-
cipal purposes: to record amounts of money, and to record quantities of goods. 
$ e unit for recording  amounts of money was the dinar, multiples of which are:

50 1. dinars = 1 shahi

200 2. dinars = 1 àbbasi
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1000 3. dinars = 1 qeran (crown)

10,000 4. dinars = 1 tuman.

From 1 to 9999 all numbers are written in terms of dinars, while from 10,000 
up they are written in terms of tumans. $ e close conceptual relationship with 
money should be noted, in view of the reference to coins as counters (see above). 
$ e same graphemes were used to record quantities of goods measured by weight, 

Figure 5.2.5 Siyaq graphs from northern India, including examples of combinations 
of units and tens (Stewart 1825, 25)
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sometimes with a determinative # gure denoting man (a measure of weight 
that varied in value from city to city) or kharvar (donkey-load) appended. For 
example,  one kharvar = 100 man of Tabriz (the major city of Persian Azarbaijan) 
or 50 royal man. Weights above 99 man of Tabriz were recorded in kharvar. Siyaq 

Figure 5.2.6 Examples of variant siyaq graphs from various mediaeval and early 
 modern Ottoman documents (Öztürk 1996, 66)
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was also used to record quantities other than dinars and mans, such as mesqal (a 
weight equal to 3.64 grams), areas of land, and so forth. Since relatively few per-
sons, even among the numerate, were able to use siyaq with ease, it was employed 
for land records, business accounts, and other information for which privacy or 
secrecy was at a premium.

In surviving medieval manuals for scribes siyaq is generally described in 
groups of 9 graphemes for each decimal place, thus:

1 10 100 1000 10,000 100,000 etc.

2 20 200 2000 20,000 200,000
3 30 300 3000 30,000 300,000
4 40 400 4000 40,000 400,000
5 50 500 5000 50,000 500,000
6 60 600 6000 60,000 600,000
7 70 700 7000 70,000 700,000
8 80 800 8000 80,000 800,000
9 90 900 9000 90,000 900,000

In later Ottoman documents the recording of fractions and decimal numbers 
was also contrived in the siyaq style. Figs. 5.2.1–5.2.3 and 5.2.5–5.2.6 illustrate 
the actual siyaq graphs and show their relationship to the Arabic words for the 
numerals.7

THE SOCIOLOGY OF SIYAQ

$ e formal classi# cation of siyaq as a ciphered system derived from the words 
for the numerals obscures its larger historical signi# cance. What distinguishes it 
from similar systems is the underlying sociology of its introduction and usage. 
Both the way it was introduced and conditions of its use for some twelve centur-
ies were shaped by particular factors in the organization of society in the Islamic 
world, that were di" erent from the Christian, Hindu-Buddhist, and Confucian 
societies to the west and east of it. Instead of being developed by merchants or 
scientists whose primary interest was in quantity and number, siyaq is simply a 
component of the skills of the Arabizing non-Arab chancery scribe, who wrote 
mainly for other scribes, in the service of Arab superiors, the state of whose lit-
eracy is not known. $ ese scribes operated in small professional communities in 

 7. Further examples of regional variation may be found in Öztürk (1996, 66): various medieval and early 
modern Ottoman documents; Majmà  al-arq>m (Mirza Bad@ Diw>n1981, 117): from an eighteenth-century 
manuscript thought to have been written in Bukhara in Central Asia, Weber (2007, 251): Kashmir; Shakeb 
(no date, 182): Hyderabad in southern India.
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urban centres of government and commerce, making it easier for them to develop 
all the dimensions of their writing work in ways that came naturally to them but 
were di7  cult for outsiders to penetrate. $ ey produced calligraphic documents 
for public consumption when appropriate, but their writing for other scribes 
developed into something more like a code. $ ey also communicated routinely 
with similar scribal communities in other cities (under other governments)—
su7  ciently to maintain a general standardization of practice over the centuries, 
but not enough to prevent some regional dri!  in style—resulting in the stylistic 
di" erences that are visible later between examples from the Ottoman, Safavid, 
and Mughal empires.

For similar reasons siyaq remained little known outside these small elite 
 communities in government, land management, and trade. It did not appear in 
other types of writing, and people outside these professions did not need to know 
it. It was learnt as part of the scribal apprenticeship, and is introduced in their 
professional manuals.8 It was considered part of a restricted professional, rather 
than a general, education. Western scholars of the region similarly paid little 
attention to it, except to a limited extent in the specialized # elds of economic 
history and diplomatics.
$ e history of literacy in general in Persianate civilization contained a  paradox. 

On the one hand there were more people who were able to read the Arabic 
text of the Qur’an aloud (that is, vocalize the text, irrespective of the ability to 
 comprehend) than who possessed any degree of literacy in other civilizations 
before the recent spread of mass education. On the other hand, the culture of 
interactive or functional literacy was con# ned to a small elite. $ e ability to read 
and write siyaq was even more restricted. Why should the historical development  
of numeracy be so di" erent in Persianate civilization from elsewhere? Why, 
when in its earliest stages Persianate society generated people like al-Khw>razm?, 
who in their numeracy based on Indian numerals were ahead of other parts of 
the world, should siyaq not have been replaced by these numerals in Persianate 
society  at large centuries before anywhere else?

We now live in a society which depends on universal literacy and numer-
acy, even though not everyone is fully literate or numerate. $ e combination of 
Roman numerical notation and calculation by abacus began to give way to general 
written  numeracy in Indian-Arabic numerals in the West some three hundred 
years ago. Over the past two centuries this new numeracy has spread through-
out the world to become a universal language. It has become the basis of a larger 
cultural orientation, underlying everything that generates what we recognize as 
modernity—scienti# c knowledge, technological capability, and administration. 
Abacus usage was similarly the basis of a larger cultural orientation. But such 
non-written calculation did not have the same capability, because it was a face-to-face
 activity: it was not communicated in writing, and so could not have become the 
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foundation of large organizational frameworks. Since literacy and numeracy are 
now both taken for granted, there are no social barriers to their acquisition, and 
they carry no distinctive status.

Why did Persianate societies lag behind in this process? It is interesting to note 
that one eighteenth-century ruler, Nader Shah, actually gave orders that his reg-
isters be written in normal Persian script and that the use of siyaq be abandoned 
(Mohammad Kazem, Nameh-ye Àlamara-ye Naderi, I f 11a, apud Floor 1998, 
95).9 But a! er his death in 1747, the succeeding bureaucracies returned to siyaq 
for a further century and a half. $ e explanation lies in the way Persianate society 
was organized. It was based in shari`a, Islamic law, which specialized in contract. 
$ e law was derived from principles that were independent of the government, 
and it was interpreted and practised by a literate elite of scholars, whose opinions 
were formally independent of government control. From the early ninth cen-
tury the caliph was no longer comparable to an emperor, and from 1256 to 1871 
there was no caliph to symbolize any centrality of authority. Political centraliza-
tion was only regional, o! en no more than local. Long distance trade connected 
 population centres as distant as Morocco and China. $ e populations of this vast 
area enjoyed the most open society of the medieval period. Long distance trade, 
though slow, 8 ourished.8

Paradoxically, it may have been as a result of this openness and mobility over 
such a vast area that Persianate society did not experience the same pressures 
for socio-political change and the opening up of literacy that eventually ushered 
in modernity in the West. Literacy had an extremely narrow social accessibility 
down to the twentieth century, and numeracy remained a narrow specialization 
within literacy. $ is accessibility was further narrowed by the fact that, whereas 
behind writing in general there lay calligraphic models and a cultural awareness 
of the major Islamic art form of calligraphy, there were no calligraphic models 
for siyaq. Furthermore, the functionality of the abacus and its popularity reduced 
the pressure for the spread of literate numeracy.

In these conditions scribes were motivated to preserve their largely hereditary 
social status by increasing their power over the information available to them and 
maintaining the boundaries on the accessibility to the skills that would unlock 
it. $ e drive to preserve status and privilege facilitated the perseverance of siyaq 
and retarded the development of numeracy as well as literacy.

Nothing disturbed the scribes’ hold on the spread of numeracy until pressures 
built up at the end of the nineteenth century as part of the response to coloni-
alism. If Netz (2002, 15) is correct in his discussion of the relationship between 
numeracy and political organization in classical Greece, we may perhaps argue 
a similar relationship between numeracy and political history in the Persianate 

8. Hodgson’s ! e venture of Islam (1974) remains the best entry to the study of this unique social texture.

AQ1: please 
provide foot 
text for cue
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world: speci# cally that its political development did not require the counting of 
citizens, while its economic development required no more than the counting 
and monetization of their produce on the local level.

CONCLUSION

Numeracy facilitates larger group awareness. $ e larger the numbers that can be 
counted, the larger the entity that can be organized and administered, the lar-
ger the empire and the economy, and the more powerful the state. $ ere were no 
pressures to change the political economy of the Persianate world until the jolt 
of colonialism. Once the social restrictions on literacy were removed as part of 
the struggle against colonialism, which began towards the end of the  nineteenth 
 century, the restrictive numeracy of siyaq, that had served commercial and 
administrative needs for a millennium, could no longer survive.

However, only a fraction of the documentary sources for this practice have so 
far been seriously studied by historians. Further study of the uses of number and 
quantity in Persianate society will in time no doubt improve our understanding 
of the social conditioning of numeracy.

ANNOTATED BIBLIOGRAPHY

In addition to full references to the citations in the text the aim of this bibliography  
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CH A P T ER 5. 3

Learning arithmetic: textbooks and their users 
in England 1500–1900
John Denniss

‘Numbering’, ‘reckoning’, ‘cyphering’, and even ‘arithmetic’ itself are words 
that now have an archaic ring to them, but for centuries there have been 

textbooks entirely devoted to these subjects. As the Hindu-Arabic numerals 
began to pass westwards from Baghdad in the ninth century they were accom-
panied by treatises that explained how to write and use them. In the Latin West 
such treatises became known as ‘Algorisms’ (a! er al-Khw>rizm?, the author of 
the best known of them), and their contents became the essential core of all later 
textbooks on arithmetic for many centuries. $ is chapter will discuss the content 
and presentation of ‘Arithmetics ‘published in England from the middle of the 
sixteenth century until the end of the nineteenth. In the earlier part of this period 
such books were as likely to be used by adults as children. Later, they were writ-
ten more especially for schoolchildren, and evidence of how they were used in 
practice can be discovered from children’s manuscripts, a substantial collection 
of which is held by the author.

$ e # rst Arithmetic published in England was Cuthbert Tunstall’s De arte 
 supputandi in 1522. Tunstall, who had studied in Italy, claimed (in his dedication)  
to have read all previous Arithmetics. In particular he would have been aware 
of some published in the vernacular, but wrote his own work in Latin, per-
haps because it was speci# cally intended for use in the two English universities, 
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Oxford and Cambridge.1 It does not seem to have been popular: only one edition 
was ever published in England, though further editions were printed in Paris. 
Within twenty years Tunstall’s book was followed by two others, both in English: 
An introduction for to lerne to rekyn with the pen and with counters, published 
anonymously in 1537, and Robert Recorde’s Grounde of artes, in 1542. Both were 
to remain in use for many years.

An introduction for to lerne to rekyn was largely a translation from works of 
the same title in Dutch and French. Allie Wilson Richeson (1947, 49) estimated 
that the original print run was perhaps of the order of 500. $ e # rst edition had 
a somewhat haphazard appearance, with the later pages elaborating material 
presented earlier. Changes were introduced in the second edition, in 1539, with 
less space given to the operations of arithmetic and more at the end to the Rule 
of False Position (see below). A! er that there were no signi# cant alterations. In 
all there were eight editions from 1536 to 1629. In the past it has been treated 
with less than justice: Augustus de Morgan did not mention it in his Arithmetical 
books of 1847, presumably because he never saw a copy. David Eugene Smith, 
in his History of mathematics, gave it only a few lines, claiming that ‘it never 
ranked with the Grounde of artes either in scholarship or popularity’ (Smith 1951, 
320), but for almost a century it provided an attractive alternative to the Grounde 
of artes. Isaac Newton, for example, owned a copy of An introduction, but not 
the Grounde of artes (Harrison 1978, 167). $ e book’s lasting popularity can be 
gauged by the fact that a pared-down version of the original French edition was 
published as late as 1752.

$ e # rst edition of Grounde of artes was more than half as long again as An 
introduction. It was a well-constructed work, comprehensive in content, and 
with extensive explanations given in the form of a dialogue between Master and 
Scholar. Its homely style must have contributed much to its success. A ‘second 
part’ on fractions was added in 1551, taking it to 407 pages. A substantial ‘third 
part’, including instruction in calculation of interest, loss and gain, bartering, 
exchange, a few pages on sports and pastimes, and further material on the rule 
of three, was added by John Mellis in 1582. $ e book subsequently went through 
many more editions, revisions, and extensions. Robert Norton (who had pub-
lished an English translation of Simon Stevin’s seminal treatise on decimals, De 
thiende, in 1608) introduced decimals into the Grounde of artes in 1615 but Robert 
Hartwell removed them again in 1618. Hartwell, however, added a short appen-
dix that included the calculation of square and cube roots. In the # nal  edition 
in 1699, Edward Hatton added a section entitled ‘Decimals made easie’, but his 

1. Arithmetics in Latin a! er Tunstall’s were very rare. One was Elementa arithmeticae numerosae et spe-
ciosae by Edward Wells in 1698. It has the phrase In usum juventutis academicae ‘For the use of young schol-
ars’ on the title page. It is not a commercial arithmetic and focuses mostly on arithmetica speciosa, that is, 
algebra.

AQ: Is the 
r u n n i n g 
head okay?
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attempts to modernize a book that was one hundred and # ! y years old were not 
enough and other textbooks now began to displace it. By then the Grounde of 
artes had gone through some forty-# ve editions spanning one hundred and # ! y-
six years.

An introduction and the Grounde of artes were representative of a genre with a 
very long history: they re8 ected the standard pattern of all previous Arithmetics, 
and most of the topics taught in them were to remain in the curriculum for 
another three hundred years or more. For that reason we will set the background 
to the rest of the chapter with a description of their contents, and an explanation 
of some of the terms used in them.

THE CONTENTS OF EARLY ARITHMETICS

$ e chief headings, in more or less the same order in both An introduction and 
the Grounde of artes, were: numeration, addition, subtraction, multiplication, div-
ision (called ‘partition’ in An introduction), reduction, progression, Rule of $ ree, 
fractions (in the 1551 and later editions of the Grounde of artes), Fellowship, the 
Rule of False Position, Alligation (in the Grounde of artes), and arithmetic with 
counters. $ e # rst edition of An introduction also had sections on duplation 
(doubling) and mediation (halving) but these were dropped from the second and 
all subsequent editions.

Both An introduction and the Grounde of artes (until the three # nal editions), 
had substantial sections on arithmetic with counters, a topic that continued to 
be discussed in textbooks until the eighteenth century. $ e tension between 
abacist arithmetic, performed with counters manipulated between lines drawn 
on a board or table, and algorithms worked with numerals on paper or other 
materials, was a long drawn-out a" air (see Chrisomalis, Chapter 6.1 in this vol-
ume). Barnard notes that jettons ‘counters’ did not become obsolete in England 
until the end of the seventeenth century (Barnard 1981, 5, 87). One of the major 
problems with describing counter arithmetic was that every move on the board 

Figure 5.3.1  Recorde’s demonstra-
tion of 1542 x 365 using counters, 
from The grounde of artes, edition of 
1654, page 242
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required a new diagram. To multiply 1542 by 365, for example, Recorde needed 
seven pages, with eight separate illustrations like the one in Fig. 5.3.1, in which 
the hand indicates the latest move. Recorde devoted further space to showing 
how, by allocating di" erent values to lines and spaces, the counting board could 
be adapted to arithmetic with, for example, pounds, shillings, and pence, the 
 currency then in use. Counter arithmetic is, of course, much more easily taught 
by practical demonstration and oral instruction than by textbook.

Several of the terms used in early Arithmetics will be unfamiliar to  modern 
readers, though all were in use until the late twentieth century. $ e ‘Rule 
of $ ree’, or the ‘Golden Rule’ as it was sometimes called, was taught in all 
Arithmetics until the late nineteenth century when it was subsumed under the 
heading of Proportion. $ e basic version, the Rule of $ ree Direct, taught how 
to # nd a fourth number from three given numbers, in such a way that the ratio 
of the fourth to the third is the same as that of the second to the # rst. $ e rule 
(multiply the second number by the third and divide by the # rst) was learned 
by rote. Another version of such a problem required a di" erent rule, the Rule of 
$ ree Inverse. Where more than four numbers were involved, the rule had to 
be elaborated to the Double (or Compound) Rule of $ ree Direct, or the Double 
(or Compound) Rule of $ ree Inverse. Here is an example of the latter, from the 
Grounde of artes, in which # ve numbers are given and a sixth is to be found:2

If a regiment consisting of 939 soldiers, can eat up 351 Quarters of Wheat in 168 Days, 
how many soldiers will eat up 1464 Quarters in 56 Days at that Rate?

$ e word ‘Alligation’ is now obsolete, but it meant the mixing of materials, for 
example, spices or metals, to produce a blend or alloy at a given price (see Rossi 
in this volume). Here is an example from the Grounde of artes:

$ ere are foure sorts of wine of severall prices, one of 6 pence a gallon, another at 8 
pence, the third at 11 pence, and a fourth at 15 pence the gallon. Of all these wines I 
would have a mixture made to the summe of 50 gallons, and so the price of each gallon 
may be 9 pence. Now demand I: how much must be taken of each sort of Wine?

Recorde devoted more than three pages to this problem. He began by calculating 
the di" erences between the actual and required prices and applying the Rule of 
$ ree Inverse four times (indicated by the Zs in the diagram in Fig. 5.3.2). Clearly 
his purpose was to provide a method that could be adapted to any example of 
this type. A modern solution would be to form two equations in four unknowns, 
from which we obtain a general set of integer solutions 20 + n, n, 30 – n, 2n, 
but in the sixteenth century algebra was in its infancy and not generally used in 
Arithmetics.

2. Precise page references have not been given for this and other examples because of the large number of 
editions many of the books went through.
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‘Fellowship’ is another term that needs explanation. It arises in situations 
where several partners invest unequally in an enterprise and want to know how 
the pro# t or costs should be apportioned. For example (from the Grounde of 
artes):

A, B, and C, hold a pasture in common, for which they pay 45,l. [£45] per annum; In this 
pasture A had 24 oxen went 32 dayes, B had 12 there 48 daies, & C had 16 oxen there 24 
dayes, now the question to be resolved by this Rule is, what part each of these tenants 
ought to pay of the 45,l. rent?

$ e ‘Rule of False Position’ begins with an estimated answer and works from that 
to the true answer. $ e rule was introduced by Recorde to his Scholar thus:

[the rule] . . . beareth its name, not for that it teacheth any fraud or falsehood, but for that 
by false numbers taken at all adventures, it teacheth how to # nde those true  numbers 
you seeke for.

Like the Rule of $ ree, the steps had to be learned by rote, and Recorde o" ered a 
verse as a mnemonic (and the equivalent of a modern formula):

Ghesse at this work as hap doth lead,
By chance to truth you may proceed,
And # rst work by the question,
Although no truth therein be done.
Such falshood is so good a ground,
$ at truth by it will soon be found.
From many bate too many moe,
From too few take too few also:
With too much joyn too few agayn;
To too few add too many plain;

Figure 5.3.2 The beginning of Recorde’s 
solution to a problem in alligation, from 
The grounde of artes, edition of 1642, 
page 355. (‘Scholar: It shall please you 
to work the ! rst Example, that I may 
mark the applying of it to the Rule: then 
I trust I shall be able not only to doe the 
like, but also to see the reason in the 
order of the work. Master: mark then 
this form, and the placing of every kind 
of number in it.’)
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In cross-wise multiply contrary kinde,
And all truth by falshood for to # nde.

One of Recorde’s examples concerns a forgetful servant of an aE  uent master:

$ ere is a servant that hath bought of Velvet and Damask for his master 40 yards, the 
Velvet at 20 shillings a yard and the Damask at 12 shillings, and when hee cometh home, 
his master demandeth of him, how much he hath bought of each sort; I cannot tell (saith 
hee) exactly, but this I know, that I paid for Damask 48 shillings more than I paid for 
Velvet: now must you ghesse how many yards of each sort.

In 1363, a law that later became obsolete had prescribed the quality of cloth 
 di" erent classes could wear: ploughmen and shepherds, for example, could not 
wear cloth valued at more than 12 pence a yard (Miles 2006, 280). Even allowing  
for in8 ation the prices in Recorde’s question are high, and a sign of social  status. 
Arithmetics give many examples of goods traded and their relative values, though 
one must always allow, as perhaps here, for arti# cially rounded # gures.

All these techniques were taught as rules to be learnt by rote. Pupils were 
expected to recognize which type of problem they were faced with, which was the 
appropriate rule, and how it was to be applied. $ e problem with such a system of 
teaching is that the rules mount up and any variation in the problem, or even in 
the wording of it, can lead to uncertainty. A cautionary note regarding too much 
reliance on rules was expressed by Recorde himself:

Yea, but you must prove your self to do some things without my aid, or else you shall not 
be able to do any more than you are taught: And that were to learn by rote (as they call 
it) then by reason.

Writing more than a century a! er the publication of the Grounde of artes, Isaac 
Newton expressed similar concerns when he was asked, in 1694, to comment on 
the proposed changes to the mathematics curriculum at the mathematical school 
at Christ’s Hospital:

A Vulgar Mechanick can practice what he has been taught or seen done, but if he is in 
error he knows not how to # nd it out and correct it, and if you put him out of his road, he 
is at a stand; Whereas he that is able to reason nimbly and judiciously about # gure, force 
and motion, is never at rest till he gets over every rub. (Turnbull 1961–77, III 359)

Newton had strong views about the place of arithmetic in the mathematics cur-
riculum; in the same letter about Christ’s Hopsital curriculum he said:

Arithmetick is set down preposterously in the 12th Article a! er all the rest of 
Mathematicks. For a man may understand and teach Arithmetick without any 
skill in Mathematicks, as writing masters usually doe, but without Arithmetick 
he can be skilled in noe other parte of Mathematicks, & therefore Arithmetick 
ought to have been set down in the very # rst place as the Foundation of all the rest. 
(Turnbull 1961–77, III 357)
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Nevertheless, although Newton suggested books that might be suitable for the teach-
ing of algebra, geometry, and trigonometry, he did not suggest one for arithmetic.
$ e idea that arithmetic should be used as a foundation for mathematics in gen-

eral, and not just for practical purposes, led to the inclusion of topics of no imme-
diate practical use. An introduction had six pages on arithmetical and geometrical 
progressions, while Grounde of artes had no less than thirty-three. $ e rules for 
summing such series were clearly stated but the examples were not very realistic. 
Here, for example, is Recorde’s # rst problem on arithmetic progressions:

A Merchant buyeth 50 pounds of Spices, and agreeth to pay for the # rst pound 4 pence, for 
the second 7 pence, for the third 10 pence, for the fourth 13 pence, etc. $ e question is, how 
much hee should pay for the last pound, and then how much the 50 pounds cometh to?

For a geometric progression, he gave the traditional nails-in-a-horseshoe 
problem:

If I sold unto you an horse having 4 shoes, and every shoe 6 nails, with this condition, 
that you shall pay for the # rst nayl one ob [a halfpenny], for the second nayl two ob. for 
the third nayl four ob. and so forth, doubling untill the end of all the nails. Now I ask you, 
how much would the price of the horse come unto?

A! er the Scholar has diligently worked his way through to the answer, which was 
34,952 pounds, 13 shilling, 7 pence and an ob, the Master remarks mildly: ‘$ at 
is well done but I think you will buy no horse of the price’, to which the Scholar 
responds: ‘No sir, if I be wise’.

Problems of this kind gave practice in calculation, which was the main reason 
for their inclusion, but they also added variety and even humour to what could 
be a rather dull diet of computation.

ADULT READERS AND OWNERS

$ e long and detailed expositions given by Recorde, as compared to the pithier 
presentations of An introduction, raise the question of who the books were writ-
ten for. Recorde, in his Preface to the Reader in the Grounde of artes, claimed to 
be writing especially for those who needed to study alone:

I doubt not but some will like this my Book above any other English Arithmetick hith-
erto written; and namely, such as lack Instructors, for whose sake I have so plainly set 
forth the Examples, as no Book that I have seen hath done hitherto: which thing shall be 
great ease to the rude Readers.

Recorde’s reference to ‘any other English Arithmetick hitherto written’ is 
 ambiguous: would he have regarded Tunstall’s work as ‘English’? Writing for 
those who ‘lack instructors’ was undoubtedly the reason for Recorde’s dialogue 
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form: he anticipated the questions a pupil would ask and put them in the mouth 
of the Scholar. $ e Master, in turn, explained every step with great care, # rst 
 giving a clear de# nition and then illustrating the calculation by means of worked 
 examples. Several later authors adopted the same form.
$ e readers of Arithmetics were not just children. Indeed there are several 

examples of otherwise well-educated people who learnt arithmetic more or less 
on their own with the aid of such books. John Wallis, later Savilian Professor 
of Geometry at Oxford, attended Felsted School in Essex, but describes how 
he learned arithmetic at home in the holidays from the books of his younger 
brother:

While I continued a Scholar there, at Christmas 1631 (aged 15), I was, for about a   
fortnight, at home with my mother at Ashford. I there found that a younger Brother 
of mine (in Order of a Trade) had for about 3 months been learning (as they call’d 
it) to Write and Cypher or Cast account (and he was a good pro# cient at that time). 
When I had been there a few days; I was inquisitive to know what it was, they so 
called. And (to satis# e my curiosity) my Brother did (during the Remainder of my 
stay there before I returned to School) shew me what he had been Learning in those 
3 months. Which was (beside the writing a fair hand) the Practical part of Common 
Arithmetick in Numeration, Addition, Subtraction, Multiplication, Division. ! e Rule 
of ! ree (Direct and Inverse), the Rule of Fellowship (with and without, Time) the Rule 
of False-Position, Rules of Practice and Reduction of Coins and some other little things. 
Which when he had shewed me by steps, in the same method as he had learned them: 
and I had wrought over all the Examples which he had before done in his book; I found 
no di7  culty to understand it and I was very well pleased with it: and thought it was ten 
days or a fortnight well spent. $ is was my # rst insight into Mathematicks; and all the 
Teaching I had. (Scriba 1970, 26–27)

Another future Savilian Professor (of astronomy), Edmund Halley, also learned 
arithmetic from a man in ‘trade’. John Aubrey tells us that Halley’s father was a 
‘Soape-boyler’ and that ‘At 9 yeares old [in 1665], his father’s apprentice taught 
him to write, and arithmetique’ (Aubrey 1992, 120).
$ e diarist, Samuel Pepys, born in 1633, did not receive any education in math-

ematics until he was nearly 30, despite attending St Paul’s school in London and 
Trinity Hall, Cambridge. He had to engage a private tutor, a Mr Cooper, who 
seems to have begun by directing Pepys to get to grips with the multiplication 
table, which he found particularly hard work (Pepys, Diary, 4 July 1662).

As late as 1783, William Taylor wrote, in the Preface to A complete system of 
practical arithmetic:

 . . . there are a great many adult persons, and grown up youth, who through the narrow-
ness of their circumstances, or the neglect of their friends, are forced to endeavour to 
improve their lost time as well as they can. To such as these the following Treatise will be 
of great service. (Taylor 1783, vii)
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DIVERSIFICATION IN THE SEVENTEENTH AND EIGHTEENTH 
CENTURIES

Two new trends emerged during the seventeenth century: one was the publication 
of ready reckoners, which enabled those with little or no knowledge of arithmetic 
to # nd answers to practical problems, and those who did have some knowledge to 
obtain the answer more rapidly and with less labour. Some authors, like Leonard 
Digges, had included individual tables in their arithmetical works, but complete 
books devoted to tables came much later. $ e other change was the wider range 
of mathematics taught in Arithmetics.
$ e simplest ready reckoners were multiplication tables. By the seventeenth 

century these were being extended: John Darling’s Carpenters rule made easy 
(1658), for example, gives all products up to 100 " 100 and some beyond that. 
Other tables gave the cost of n articles at a given price. Simple interest was also 
important. An early collection of interest tables was Edward Hatton’s An index 
to interest (1711). $ ere were also tables for calculating areas and volumes, to 
be used by carpenters, surveyors, builders, and merchants. $ e use of calcu-
lating aids such as the Napier’s bones, the slide-rule, and logarithms was also 
taught.

One device employed to keep such books pocket-sized and yet cover the range 
of measurements needed was to adapt the tables for more than one  purpose. 
Darling, for example, who aimed his book particularly at carpenters, gave a ‘Table 
of the square of unequal sided timber’ (in e" ect, a square root table  giving the 
answer in inches) in order to # nd the volume of a block of wood. If, for example, 
the dimensions were 8 F inches, by 13 F inches, by 7 feet, one could consult this 
table to # nd the side of a square of the same cross-sectional area (10 F inches), 
then a relatively short ‘Table of timber measure’ to give the volume as 5.393 cubic 
feet, an accuracy justi# ed neither by the initial data nor the needs of any timber 
merchant (see Fig. 5.3.3).
$ e other notable trend in seventeenth-century Arithmetics was the inclusion 

of a greater range of material, land measurement being one of the most com-
mon. Some authors also began to strive towards a broader based mathemat-
ical text, though still keeping a strong arithmetical core. Algebra, in particular, 
began to gain a foothold. William Leybourn divided his Arithmetick of 1657 into 
four books: vulgar arithmetic (that is, common arithmetic), decimal arithmetic, 
instrumental arithmetic, and algebraical arithmetic (that is, arithmetic with let-
ters), and managed to do so in 346 small pages. Samuel Jeake’s A compleat body 
of arithmetick in four books, # rst published in 1696 and re-issued in 1701, was 
a massive volume of 664 folio pages, possibly the most comprehensive work on 
arithmetic ever written. $ ese and similar works, like Alexander Malcolm’s A 
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new system of arithmetick (1730) and John Mair’s Arithmetic, rational and prac-
tical (1766), were more like reference books than textbooks.

For general use, something simpler, smaller, and cheaper was needed. 
Recorde’s Grounde of artes was gradually replaced by a succession of best-sell-
ers such as Edmund Wingate’s Arithmetick made easie (1630), James Hodder’s 
Arithmetick (1661), and, especially, by Edward Cocker’s Arithmetick (1694), 
which went through at least sixty editions over more than one hundred years. 
$ omas Dilworth, too, was highly successful with ! e schoolmaster’s assistant 
(1743). Like Recorde, Dilworth wrote in dialogue form. His book went through 
forty-nine editions in England and many more in north America. Many other 
authors tried their hand but were less popular; Wallis and Wallis (1986) list more 
than forty Arithmetics published in the # rst sixty years of the eighteenth  century, 
but most did not go beyond the # rst edition. $ e most successful author of all 
was Francis Walkingame, who established a boarding-school in London. His ! e 
tutor’s assistant (1751) became an immediate best-seller with at least two hun-
dred and forty-six editions over one hundred and thirty years. Print runs were in 

Figure 5.3.3 Tables of squares and timber measure, from Darling’s The carpenter’s 
rule made easy, 1727, pages 60 and 89
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the thousands, particularly for nineteenth-century editions. $ e reason for the 
book’s popularity is not immediately obvious. Its explanations are brief to the 
point of inadequacy and, unlike Recorde’s, are no help to anyone working alone. 
Here, for example, is Walkingame’s description of subtraction:

SUBTRACTION
TEACHETH to take a less Number from a greater, and shews the Remainder, or 
Di" erence.
RULE. $ is being the Reverse of Addition, you must borrow here (if it requires) what you 
stopped at there, always remembering to pay it to the next.
PROOF. Add the Remainder and less Line together, and if the same as the greater, it is 
right.

One attraction of Walkingame’s book must have been that it was compact and 
cheap at 1s 6d for the # rst edition, rising to 2s for the second, and good value in 
 relation to his competitors; another very important factor was that it included 
copious exercises. Recorde had included virtually no exercises and Cocker very 
few, but Dilworth had a large number. It is thought that Walkingame mod-
elled his book on Dilworth’s, recasting his dialogue into a more straightforward 
didactic presentation. $ e use of such exercises is evident in the many children’s 
manuscripts that have survived, particularly from the eighteenth and nineteenth 
centuries.

CHILDREN’S MANUSCRIPTS

Pupils would not normally have had access to printed texts unless they had an 
individual tutor, instead creating their own manuscript textbooks (see Yeldham 
1936; Cline Cohen 1982). Two major collections of children’s manuscripts sur-
vive, dating from 1684 to 1900. $ e larger one, of one hundred and ninety-# ve 
 volumes from one hundred and forty pupils, is in the John Hersee Collection in 
the Mathematical Association Library in Leicester University. $ e second, my 
own, collected over about seventeen years, consists of seventy-three volumes from 
sixty pupils. $ e manuscripts come from all over England, from Kent in the south-
east to Cumberland in the northwest, and there is also one from Scotland, though 
none from Wales. Very few of the manuscripts give the child’s age. We know the 
ages of only four of the sixty children represented in the second  collection; those 
four were between ten and fourteen years old. About 15% of the manuscripts in 
both collections were written by girls, though these appear only a! er 1809.

Typically each topic in the manuscripts begins with a de# nition taken 
 verbatim from a textbook. $ e # rst worked example is usually the # rst given in 
the  textbook, and many of the subsequent examples are also from the same book. 
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$ e examples are not marked or corrected by the teacher, suggesting they were 
exercises in copying rather than calculation. $ e resulting manuscript was meant 
to be a permanent record of what had been learnt, to be kept and referred to in 
later life. For this reason they were properly bound, o! en in leather or vellum.
$ e earliest manuscript in either collection is from 1684, by Richard Daw. One 

of its examples is the following (Fig. 5.3.4): ‘If 1 hogsett [hogshead] rebate 13 gal-
lons F what will 25 Tun F rebate?’ Daw used reduction and multiplication to 
bring every quantity to quarts, the rule of three (dividing 1,388,016 by 252) to get 
the answer in quarts, then division twice more to change quarts to gallons, and 
gallons to hogsheads. He forgot to add 54 gallons to his # nal answer, though it 
is clear he knew he should do so since he worked out the rebated quantity in the 
right hand calculation.
Children were o! en allowed, or possibly encouraged, to decorate the pages with 
elaborate scrolls and sometimes pictures. Figs. 5.3.5 and 5.3.6 show the artwork 
of G Nicholas in 1832. $ e problem in verse in Fig. 5.3.6 is:

As I was beating on the Forest Grounds,
Up starts a Hare before my two Greyhounds:
$ e Dogs, being light of Foot, did fairly run,
Unto her # ! een Rods, just twenty-one.
$ e Distance that she started up before
Was fourscore sixteen Rods just, and no more:
Now this I’d have you unto me declare,
How far they ran before they caught the Hare?

Figure 5.3.4 Example of the ‘Rule of Three’ from a manuscript by Richard Daw, 
1684, f. 93v. (‘If 1 hogsett rebate 13 gallons " what will 25 Tun rebate’)
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Figure 5.3.5 Decorative heading from a manuscript by G Nicholas, 1832, f. 67

$ is comes from a book that Nicholas worked from, ! e tutor’s guide by Charles 
Vyse (edition of 1807, page 67).

Most of the manuscripts (some 70%) were devoted entirely to arithmetic. In 
every case they appear to be based on textbooks, though it has not always been 
possible to identify the author. Some contain work taken from more than one 
author and many used supplementary material. Occasionally the questions are 
related to individual pupils, for example: ‘Barnet Butter# eld suppose you are 
12 years old what year was you Born in?’ (Fig. 5.3.7) Amongst the non-arithmetical  
material in these books there is o! en a section on mensuration eliding into prac-
tical geometry, surveying, trigonometry, and occasionally a little algebra, its # rst 
appearance in these collections being in 1722. $ ere are one or two short excerpts 
from Euclid, logarithms rarely, and single instances of spherical trigonometry, 
8 uxions (Newton’s calculus), and the arithmetic of in# nites.

$ e manuscripts give an invaluable insight into contemporary teaching 
methods. De# nitions, taken from a textbook, were faithfully copied out by the 
pupils (presumably from the blackboard). Teachers then set problems taken 
from  textbooks, o! en drawing on a variety of sources. Answers were helpfully 
given in the textbooks, in brackets at the end of each question, though teach-
ers must have given some oral explanation of the intermediate steps. Additional 
help for  teachers was provided from the second half of the eighteenth century in 
 separate ‘keys’, in which many of the problems were shown with their working. 
$ e  practice of having a pupil’s book without answers and a teacher’s book with 
answers was a late nineteenth-century development.
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Figure 5.3.6 Problem in verse, illustrated, from a manuscript by G Nicholas, 1832, 
f. 71r

Figure 5.3.7 A personal subtraction, from a manuscript by Barnet Butter! eld, 
1802, f. 19
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THE NINETEENTH CENTURY

Consideration of textbooks published in the nineteenth century has to be set 
against developments in education in that period. Non-governmental agen-
cies had done much to make education more readily available since early in the 
nineteenth century. $ e National Society, established in 1811 by the Church of 
England, opened schools whose aims were primarily religious, but they also taught 
a wider curriculum, which usually included arithmetic. $ e Non-Conformist 
churches soon followed with the establishment of what came to be known as 
British Schools, run on similar lines. Despite these moves, a Parliamentary Select 
Committee reported in the 1840s that about one-third of children were receiv-
ing no formal education whatever, and of those who did attend school few did so 
for long. In the 1840s the average length of school attendance was between one 
and two years (Howson, 1982, 104). As to what these children learned, a Public 
Commission in 1858 reported that only 69.3% of children attending the 1824 
public weekday schools visited were taught arithmetic, and only 33.8% of those 
attending 3495 private schools (run by individuals).

$ ere was some relevant legislation in the # rst half of the century. Sir James 
Graham’s Factory Act of 1844, for example, required factory owners to ensure that 
children in their employ should spend three whole days or six half days in school, 
though this was somewhat counterbalanced by the lowering of the  minimum age of 
employment from nine to eight in the same Act. But there can be no doubt that the 
most important development was the 1870 Education Act, which gave every child 
the right to elementary education and made it the Government’s responsibility to 
ensure its delivery. $ e expansion of education required a corresponding increase 
in the number of teachers. $ e # rst Teacher Training College was opened in 1839, 
and by 1860 there were sixty such  colleges, though their output was relatively small. 
Many teachers entered the profession  simply as pupil-teachers, supposedly under 
regular instruction from the headteacher. Untrained child ‘monitors’ were also 
employed, until they were gradually phased out in the 1870s by the introduction 
of ‘supplementary’ teachers. However, these too were unquali# ed, the only require-
ments being that they should be at least eighteen years of age, have been vacci-
nated against smallpox, and be ‘employed during the whole of the school hours in 
the general instruction of the scholars and in teaching   needlework’ (such teachers 
being almost always female) (Horn 1989, 183).3

Under such circumstances it is hardly surprising that rote learning and 
 copying from textbooks remained favoured methods of teaching. Many authors 

3. $ e relationship between the learning of needlework and the learning of mathematics in the education 
of girls has been explored in detail by Harris (1997).
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continued to model themselves on Walkingame, whose Tutor’s assistant itself ran 
on until 1885. John Colenso’s Arithmetic designed for the use of schools, # rst 
published in 1843 and in many further editions, contained more explanatory 
material than Walkingame, but a much more signi# cant advance was made by 
John Brook-Smith in his Arithmetic of 1860. In the preface to the 1891 edition 
he wrote:

Every writer on Arithmetic at the present day feels the necessity of explaining the prin-
ciples on which the rules of the subject are based, but every writer does not as yet feel the 
necessity of making these explanations strict and complete; or, failing that, of distinctly 
pointing out their defective character. Di7  culties are still avoided or slurred over, and 
incomplete proofs without one word of remark or warning are used as though they were 
full and satisfactory. $ is surely ought not to be.

Brook-Smith was as good as his word; his explanation of Subtraction, for example, 
is very clearly set out over three pages before a set of exercises. Signi# cantly, 
too, the book ends with twenty-four pages of sample examination papers, from 
University of London Matriculation, entry to the Royal Military Academy, and so 
on. $ e answers to these papers were given at the end of the book, not a! er each 
question as had been the custom. $ is subsequently became common practice.
$ e examination system for older pupils, particularly the introduction of 

the School Certi# cate (for age sixteen) and Higher School Certi# cate (for age 
eighteen), developed strongly through the nineteenth century and came to 
determine the curriculum for secondary schools. $ e Arithmetic published in 
1886 by Charles Pendlebury, senior mathematics master at St Paul’s School in 
London, was primarily aimed at older pupils (over eleven) being prepared for 
examinations. Pendlebury made every e" ort to keep up with new types of ques-
tion being set by examiners, and each new edition incorporated examples of 
questions set for the # rst time the previous year. $ e book was immediately 
successful, going through at least thirty-nine editions and still in print until 
1947. Pendlebury’s simpler A shilling arithmetic (1899), for younger children, 
was if anything even more popular. And Pendlebury’s Arithmetic # nally put 
paid to the Rule of $ ree and all its variants, replacing it by a chapter on pro-
portion and its applications.
$ ese works provided little help to teachers of younger children. One obstacle was 

the adult language in which they were written; children would have had to be able to 
read pro# ciently to be able to work from them. Some simple books were published 
to help with the memorization of the multiplication tables: Marmaduke Multiply’s 
merry method of making minor mathematicians (1816) had a picture on each page 
(Fig. 5.3.8), to be hand-coloured by the pupil, and a short rhyme, such as:

Twice 7 are 14
$ ey’re dancing on the Green
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Figure 5.3.8 ‘Twice 7 are 14’ from Marmaduke Multiply’s merry method of making 
minor mathematicians (1816)

Charming as these were, however, they were not textbooks, nor were they  teachers’ 
guides. $ ere was a worrying gap.
$ e Swiss educational reformer, Johann Heinrich Pestalozzi, active in the early 

years of the nineteenth century, believed that children should pursue their own 
interests and learn through activity rather than formal teaching. In England 
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Horace Grant promoted similar ideas in his two books on arithmetic: Arithmetic 
for children, published sometime before 1835, followed by Arithmetic for schools 
and families in 1841. Introducing the # rst, he wrote:

Arithmetic is commonly learnt by rote, and is never thoroughly learnt; it is almost always 
an unpleasant task both to the pupil and the teacher.

A great defect of the existing elementary works on Arithmetic arises from the little var-
iety they o" er to the child, either in objects, thought or language.

During the lesson, the teacher should place at hand a small box containing a few counters, 
pebbles, beans, and small shells. A variety of any kind of small objects, such as wooden 
cubes, buttons, marbles, nuts, nails, and bits of stick or cork, will also answer the purpose.

He later added to this list a few small weights, coins, and a foot and yard measure, 
emphasizing his central idea that number teaching must start with the concrete 
and be applicable to the real world of the child. $ e rest of his book is a collec-
tion of questions and exercises, to be read to the child and to be answered using 
objects as necessary, the objects to be discarded as the child progresses. In the 
Introduction to Arithmetic for schools and families, Grant says that the book is 
for the instruction of children between the ages of eight and eleven, but that it 
is written for teachers (or parents) rather than for the children themselves. It is 
divided into chapters on the various aspects of arithmetic to be found in any text-
book of the period, but explained with more than typical clarity.

Although both of Grant’s books went through a number of editions, they did 
not make the impact in Britain that Warren Colbourn’s An arithmetic on the 
plan of Pestalozzi (1821), based on the same principles, made in the US, where 
new ideas were embraced earlier and more readily (Cline Cohen 1982, 134–138). 
Shortly before he died in 1891, the teacher and pedagogist, Reverend Robert 
Herbert Quick, gave a lecture entitled ‘$ e # rst stage in arithmetic’ to the College 
of Preceptors, an institution concerned with raising the professional standing of 
teachers, in which he said:

How children should get their # rst notions of number hardly anybody in this country 
knows, and, but for the goodly band of ladies who have now begun to study education 
scienti# cally, we might add hardly anybody in this country seems to care. (Quick 1896)

Both Recorde and Newton had long ago pleaded for more imaginative teaching 
of arithmetic, based on understanding rather than on rote learning. At the end of 
the nineteenth century such ideals had still barely begun to be put into practice.

CONCLUSION

In the mid-sixteenth century, An introduction and Recorde’s Grounde of artes 
made arithmetic available for the # rst time in English. $ e Grounde of artes in 
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particular o" ered material relevant to the everyday and commercial needs of the 
time, and both books survived well into the seventeenth century. $ e Grounde 
of artes, however, came to have two main drawbacks: it grew too large and yet it 
contained hardly any exercises. Some Arithmetics attempted to be more compre-
hensive, and became correspondingly larger and more expensive, but in the end 
it was the pared down ones that became most popular. Space for exercises was 
made at the expense of the exposition, which was reduced in some cases beyond 
the point at which it could be helpful.

Arithmetics were used both by students trying to learn alone and by teachers 
whose own elementary training le!  them in need of such aids. As the years went 
by, inertia and the success of existing books meant that Arithmetics tended to 
perpetuate the content and methods of the past, rather than responding to new 
methods of education of a changing social context. One would hardly guess from 
nineteenth-century Arithmetics, for example, that an industrial revolution was 
under way. $ e curriculum remained essentially mercantile in nature, and pupils 
continued to learn through the copying and rote learning of rules and methods. 
Some of the # rst hints of permanent change can be seen in the early nineteenth-
century writings of Grant, who encouraged children to establish ideas of number 
and measurement using simple concrete objects or through exploration of their 
own environment. Major reforms in the teaching of arithmetic in England, how-
ever, had to wait until the twentieth century, and it was only then that Arithmetics 
as a genre # nally disappeared.
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CH A P T ER 5.4

Algorithms and automation: the production of 
mathematics and textiles
Carrie Brezine

Mathematics is a diverse # eld. To the uninitiated, it is a mysterious subject, 
o! en presumed to be unintelligible and frighteningly abstract. Many peo-

ple assume that mathematics is all about numbers, and it is; but it is also about 
shapes, sets, symmetry, networks, algorithms, and transformations. $ e special-
ized de# nitions and notational systems of mathematics make it almost impos-
sible for a lay person to pick up a recent article on, say, knot theory and make any 
sense of it. But the mathematics of scholarly publications is not and has never 
been the only practice of mathematics. Mathematical principles have long been 
used by artists and engineers, just as anyone dealing with currency practices basic 
arithmetic to manage income and expenditures. Nor is the academic tradition of 
Western Europe the only method of framing and disseminating mathematical 
ideas. Indigenous cultures from diverse areas and time periods have developed 
sophisticated artifacts, games, and methods of record-keeping which show that 
mathematics has evolved in many di" erent ways (Urton 1997; Gerdes 1999; Selin 
2000). $ e practice of weaving encompasses a multitude of mathematical  problems 
ranging from arithmetical calculation to abstract symmetrical manipulations. 
Cra! speople who create good fabric are practicing mathematical principles, though 
they may not communicate them in the way we expect Western mathematics  
to be presented. $ e sophisticated thought processes behind the production
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 of intricate textiles indicate that even weavers in societies without text have con-
trol of abstract mathematical concepts. Framing weaving in terms of mathem-
atics also suggests numerous open problems touching on various modern # elds, 
including combinatorics and geometry.
$ is chapter broadly describes two methods of textile production and considers 

their mathematical implications. $ e two cases are 8 oor loom weaving, as prac-
tised in Europe from medieval times, and weaving on a variable tension (back-
strap) loom, the common method in the Andes of South America. In the Andes 
the machine used to produce cloth is, at # rst glance, substantially simpler than a 
Western-style loom, yet Andean cloth is some of the most structurally complex 
in the world. Each technique has its advantages and drawbacks. Both incorpor-
ate sophisticated mathematical concepts. Because they are so di" erent, they make 
good comparative studies for investigating how people solve the many conceptual 
challenges associated with creating cloth. In order to understand these challenges, 
and their relationship to mathematics, basic de# nitions of fabrics will be discussed 
# rst.

DEFINITIONS AND CLASSIFICATIONS

Words used in speaking about textiles o! en have di" erent connotations than 
accorded them in ordinary everyday speech. $ is article adheres to Irene Emery’s 
terminology as closely as possible (Emery 1994); even among textile scholars the 
use of terms is not always consistent. Fabric is used as ‘the generic term for all 
# brous constructions’ (Emery 1994, xvi). $ ough the latter part of this chapter 
focuses on weaving, other structures will be brie8 y discussed, so that the spe-
cial characteristics of woven constructions can be better understood. Fabrics are 
composed of elements. In general, the elements are long and 8 exible. Plant and 
animal # bers are the most common materials used for fabric construction. Some 
plants, such as those of the bast family, can yield long unbroken # bers which are 
strong enough to be stuck together end to end to produce continuous lengths. 
Silk, unwound from the cocoons of silkworms, is another natural # ber that 
occurs in very long strands (up to 2000 m). In contrast, materials such as wool 
and cotton come in short lengths (approximately 1.5–5.0 cm for cotton, 5.0–30.0 
cm for wool, depending on the breed of the animal) (Ross 1983, 89–90, 104–107). 
To make a continuous thread, short # bers must be twisted together. Spinning 
involves extenuating a mass of # ber to the desired thickness while applying twist. 
Two twist directions are possible, named S and Z according to the angle the # bers 
make relative to the axis of the yarn. $ e twist helps hold the # bers together and 
endows the thread or yarn with stored energy. O! en the energy is neutralized 
by plying a spun thread with one or more others of its kind, twisting the group 

AQ: Is the 
r u n n i n g 
head okay?
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together in the direction opposite to that in which they were spun.1 $ is process 
produces a stronger, more stable, and even product and signi# cantly reduces the 
tendency of the yarn to kink back on itself. $ ough continuous # bers such as silk 
and linen do not strictly need to be spun, depending on how they are harvested, 
it is most common to use them in some spun form.

Once the yarns or threads are prepared,2 fabrics can be manufactured in numer-
ous ways. An in# nite variety of structures is possible, and each structure can be 
achieved in several ways. $ e domain of fabric structures has been classi# ed into 
divisions based on the number and types of elements used (Emery 1994). Fabrics 
can be made with a single element, a set of equivalent elements, or multiple sets 
of elements; they make an integral structure by interworking. Interworking is a 
general term which includes speci# c techniques such as twisting,  knotting, loop-
ing, and interlacing (to be de# ned later). Knitting is a common example of a sin-
gle-element construction, so called because it ‘is made up of a single  continuous 
element interworked with itself ’ (Emery 1994, 27). A knitted fabric is composed 
of a series of loops side by side; on each row, the yarn is drawn up through each 
loop in turn, creating another row of loops.

A set of elements is a group of elements ‘all used in a like manner, that is, 
 functionally undi" erentiated and trending in the same direction’ (Emery 1994, 
27). In fabrics made with one set of elements, each element has an equivalent role. 
$ e braiding of hair is a common example of this kind of structure: each of three 
sections interlaces over and under the others in the same pattern. Each strand of 
the braid performs equivalent motions and they contribute equally to the integ-
rity of the # nal structure. $ e elements are # xed at one point, and all tend gen-
erally downward from the origin of the braid, though they meander back and 
forth within it. Assuming all of the elements are of the same grist, any element is 
isomorphic to any other element in the fabric. $ is general idea applies to bands 
made of more than three elements. Interlacing is a speci# c form of interworking 
in which each element follows a generally linear path (allowing for turns at the 
edge of a fabric) and passes over or under the elements it crosses (Fig. 5.4.1). Even 
in structures based on one set of elements the patterns of interlacing need not 
be restricted to over one, under one; in# nite variation is possible (Owen 1995; 
2004). $ is class of structures also includes examples which are not interlaced, 
but held together through linking, twining, or knotting. Linked and interlaced 

1. $ e basic principle of spun energy can be observed in a simple exercise: take a shoelace or a similar short 
length of string. Hold one end # xed and twist the other end repeatedly in the same direction. When you bring 
the two ends of the string together, the middle portion will rotate back on itself, creating a twisted cord. It will 
tend to do this at any point where it is not under tension.

2. $ e distinction between yarn and thread is not always clear. In general, yarn is less tightly twisted and 
larger in diameter than thread (Emery 1994, 12–13). In this article I use the terms interchangeably. Regardless 
of the name applied, it is important to remember that any fabric structure will be heavily in8 uenced by the 
type of element used to construct it.
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fabric structures with one set of elements are direct physical representations of 
the mathematical de# nition of braids (Sossinsky 2002, 15–34).
$ e potential for structural elaboration and variety increases dramatically with 

each additional set of elements. $ e simplest class of woven structures is that in 
which the fabric is made of two sets of elements which interlace  perpendicularly 
to each other (Fig. 5.4.2a. Within each set, the elements are parallel to each other 
during construction, and do not interwork with others of the same set. $ e 
textile is created by holding one set of elements taut, to facilitate threading the 
other through it. $ e taut set of threads, by necessity prepared # rst, is called the 
warp. A single warp thread is called an end. O! en the warp is longer than it is 
wide, but this is not a requirement. $ e second set of elements, which crosses the 

Weft
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Figure 5.4.1 Ten-strand interlaced braid, a fabric structure made with one set of 
 elements. Each strand plays an equivalent role in the fabric and all move from top 
to bottom in the process of construction

Figure 5.4.2 a) Diagram of plain weave interlacement
b) Cross-section of plain weave: weft goes over one, under one throughout the 
cloth
c) Graphic representation of plain weave interlacement. Each square represents one 
warp-weft intersection; black squares indicate warp on top, white indicate weft on 
top
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warp at right angles, passing over and under individual ends, is called the we"  (or 
woof); a single we!  is termed a pick. At each intersection of warp and we! , either 
warp or we!  will be uppermost. $ e arrangement of intersections with we!  on 
top and those with warp on top within each pick and in successive picks deter-
mines the woven structure of the cloth. A matrix of squares is o! en used as visual 
shorthand for depicting woven structures (Fig. 5.4.2c). Each square represents 
one warp-we!  intersection; the squares are colored black to indicate warp on 
top, white to indicate we!  uppermost (Grunbaum and Shephard 1980, 141). $ e 
pattern of interlacement in8 uences the strength of the cloth, its elasticity, texture, 
and thickness, and determines the apparent pattern on the surface.

Plain weave is the most basic interlacement. In this structure, the # rst we!  
pick goes over one warp, under the next, and repeats this over-one-under-one 
sequence all the way across the web. $ e next we!  pick reverses the sequence, so 
that it lies over the warps it was previously below, and below those it crossed over 
on the previous pick (Fig. 5.4.2). $ is creates a stable, strong cloth with many 
practical uses. Usually the we!  is a continuous length of yarn; at the edge of the 
textile, it is not cut, but simply turns around the last warp and is re-inserted for 
the next pick. $ e appearance and properties of plain weave can be altered dra-
matically by changing the relative spacing of the warp and we! .3 $ ough not very 
ornamental in itself, plain weave is a perfect foundation for additional decoration 
such as embroidery. $ e Bayeux Tapestry is embroidery on a plain weave base, as 
are richly embellished mantles from the Paracas culture (Paul 2004).
$ e we!  can pass over, or stay under, multiple warp ends. A . oat is a we!  

thread that passes over more than one warp, or a warp thread that passes over 
more than one we! . $ e length and sequence of we!  8 oats can be denoted by 
numerals indicating the number of warps passed over or under, separated by 
slashes: 2/2 indicates that the we!  passes over two warps and under two, all the 
way across the cloth. Twills are produced by determining a repeating we!  inter-
lacement and shi! ing the pattern one thread to the le!  or right on each successive 
pick. $ ey show a diagonal pattern in the cloth, though it may be obscured by the 
# neness of the thread or the quality of the # ber. $ e we!  can be more prominent 
on one side of the face than the other; for instance, in a 3/2/2/1 twill the we!  8 oats 
over # ve ends for every three it goes under (Fig. 5.4.3). On the face where the 
we!  is less prominent, the warp will be more prominent, and vice versa. Twills 
and their mathematical classi# cation are discussed by Grunbaum and Shephard 
(1980). Fabrics in which the diagonal patterns are re8 ected in one or two direc-
tions to form zigzags or diamonds are still considered twills. Floats do not have 

3. Tapestry is a plain weave structure in which the we!  entirely covers the warp. By using di" erent col-
ored we! s in di" erent areas, pictorial designs can be created which appear to break the rectilinear bounds of 
the fabric grid. At the other extreme, a cloth in which the we! s are entirely hidden by warps is called warp 
faced.
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to be aligned diagonally; crepes, satins, and lace weaves derive their particular 
characteristics from varying the length and arrangement of 8 oats. Excellent 
technical  descriptions of weave structures can be found in van der Hoogt (1993) 
and Strickler (1991).

Compound weaves have more than two sets of elements. $ e additional sets 
may be in the warp, the we! , or both. $ ey may be supplementary: ornamental 
only, not essential to the structure of the cloth, or complementary: contributing 
equally to the integrity of the fabric. One example of a compound structure is 
double cloth, in which two layers of plain weave are woven superimposed on one 
another. Each layer has its own warp and it own we! . Usually the layers are of 
di" erent colors and are interchanged at various points in the fabric, so that each 
surface will have some areas of one color and some of another; a design on one 
surface of the fabric appears in mirror image with color reversed on the other 
side of the cloth (Cahlander 1985; Strickler 1991; van der Hoogt 1993, 94–97).

From this brief description, it is apparent that in theory the possible  number 
of distinct fabric structures is huge. Counting the distinct possibilities is not 
straightforward.4 How are textile interlacements achieved in practice? $ ere are 
numerous technical challenges to be overcome. $ e warp threads must be held 

4. Grunbaum and Shephard (1980, 149) provide a formula for the number of distinct twills of a given 
repeat size.

Figure 5.4.3 a) Diagram of 3/1 
twill interlacement
b) Cross-section of 3/1 twill; 
weft goes over three, under one
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taut and parallel. $ ey must be strong enough to bear tension and to withstand 
abrasion. Weaving is made much easier if the warps can be divided into two 
groups and temporarily held apart so that the we!  can be inserted between them. 
Such an opening in the we!  is called a shed. $ e most basic warp division is that 
in which the # rst warp end and every alternate warp end therea! er belong to one 
group, and the alternate warp ends belong to the second group. In practice this 
means that if the # rst group is raised, the odd numbered warps are raised and the 
we!  goes over every even-numbered end; when the second group is raised, the 
we!  goes over every odd numbered end.
$ e machines which facilitate weaving are called looms. Most are similar in that 

they allow the warp to be stretched under tension and provide some tool for creat-
ing a shed so that the we!  can be easily passed from side to side. Looms have been 
developed and elaborated in di" erent ways in di" erent cultures. $ e European 8 oor 
loom,5 descended from a Chinese invention, is a large, sturdy wooden machine 
with multiple rotating beams. $ e Andean variable tension loom can be rolled up 
and carried from place to place. $ ough the capabilities of 8 oor looms and vari-
able tension looms overlap somewhat, their comparison points to di" erent ways 
of thinking about planar embellishment and the structural production of pattern. 
$ e creation of cloth involves the application of arithmetic, in the counting and 
distribution of threads (Urton 1997), but the mathematical concepts at work in 
fabric go beyond addition and division. $ e special features of the textile plane—its 
thickness and directionality—a" ect the expression of symmetry and geometry. In 
both the European and Andean traditions, weavers pushed the boundaries of their 
art to create visually and structurally  complex textiles.

THE EUROPEAN TRADITION: FLOOR LOOM WEAVING

Floor looms di" er in size and complexity. $ ey are designed to hold the warp taut 
in a horizontal plane and automate the opening of sheds (Fig. 5.4.4). Working from 
the back of the loom to the front, each loom has a warp beam, to which one end of 
the warp is attached. $ is beam usually rotates, so that many meters of warp can be 
tightly wound on it and released as needed. From the warp beam the warp ends pass 
over a # xed back beam and up to the harness, which is usually near the middle of the 
loom. $ e harness is the device that creates the shed. It includes two to thirty-two

5. I use the term ‘8 oor loom’ to refer to the pre-industrial hand weaving machine and its modern descend-
ants. $ e boundaries between hand and machine weaving, never clear, are becoming increasingly blurred. 
Many hand weavers today use computer-controlled looms; some include mechanical assistance for raising 
and lowering sha! s and for passing the shuttle across very wide webs. For the sake of clarity in this chapter, 
8 oor looms are assumed to have no computerized components and to work through the input of human power 
only.
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 sha" s.6 Each sha!  holds numerous heddles, devices of wire or string with an eye 
in the middle, at the plane of the warp. Each warp end goes through an eye in 
exactly one heddle. Each warp end is therefore associated with exactly one sha! . 
$ e loom must have some mechanism for raising and lowering the sha! s;7 usu-
ally the opening is created by pressing a treadle below the loom. When there are 
more than two sha! s, the loom o! en includes the ability to raise a combination of 
sha! s by depressing only one treadle. Near the front of the loom, each warp end 
passes through a slot in the reed, a device with small equally spaced openings; the 
reed maintains the distribution of the warp. It is situated in a beater which swings 
back and forth to help push the we!  into place. $ e woven cloth goes over the 
breast beam at the front of the loom, and is wound around the cloth beam.
$ e sha! s are numbered from the front of the loom to the back. $ e order 

in which the warp ends are put through the heddles is o! en abbreviated by a 
sequence of sha!  numbers: 1–2–3–4 indicates that the # rst end is on sha!  1, the 
second on sha!  2, and so on. When a sha!  is raised, all warps which are threaded 
through heddles belonging to that sha!  are raised. Assuming a # xed order for 
warps, the structure of the cloth is determined by the sequence of sha! s through 
which they are threaded, the combinations determined between sha! s, and the 
order in which the combinations are raised. $ e number of sha! s, and the num-
ber of di" erent combinations of sha! s (usually determined by the number of 
available treadles), determines the possible complexity of the pattern that can be 
woven, including the size of the pattern repeat.

6. In theory, there is no upper bound to the number of sha! s. Practical engineering issues tend to limit 
the number.

7. $ e shed opening can be created by raising some warps and leaving others # xed, by lowering some and 
leaving the rest # xed, or by raising some and lowering others (van der Hoogt 1993, 10–11).

Warp beam

Back beam

Shafts

Cloth beam

Breast beam

Reed and beaterHeddles

Shed

Woven cloth
Warp threads

Figure 5.4.4 Schematic of the main features of a # oor loom. Not to scale. Arrows 
indicate the direction of moving parts
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Weavers have developed a visual shorthand called a dra"  for recording how 
to set up a loom to reproduce a particular structure. A dra!  has four parts: 1) 
the threading, showing on which sha!  each warp end should be threaded; 2) the 
tie-up, showing which sha! s are attached to which treadles; 3) the treadling, indi-
cating the order in which the treadles are depressed; 4) the drawdown, a visual 
representation of the fabric structure. Typically drawdowns are represented on a 
grid with black and white squares, as already described. Fig. 5.4.5 shows a dra!  
for 2/2 twill. $ e drawdown is a direct result of the other three pieces of the dra! . 
An examination of the dra!  will help clarify the relationship between the parts. 
$ e warp ends, we!  picks, sha! s, and treadles are numbered. To insert the # rst 
pick, the weaver presses treadle 1. $ is treadle is attached to sha! s 1 and 2, as 
indicated by the tie-up, so sha! s 1 and 2 are raised when treadle 1 is depressed. 
$ erefore any warp end on sha!  1 or sha!  2 will go over we!  pick 1. $ is is 
indicated by the black squares in the drawdown under warp ends 1, 2, 5, 6, and 
so on. $ e same relationship between threading, treadling, and tie-up holds for 
each pick.8

A study of dra! s helps explain how woven cloth models algebraic relationships 
between matrices. Note that if there are n sha! s and m treadles, the size of the 
tie-up is n x m. To create matrices representing the tie-up, threading, and tread-
ling, replace each black mark with 1, and the white spaces with 0. $ e resulting 
matrices are called binary since they include only 0s and 1s. If the repeat length of 
the treadling is r and that of the threading is s, the product of these three matrices 
is an r x s matrix which is equivalent to the drawdown: 1s appear in the positions 
which are black in the drawdown, and 0s appear elsewhere. A formal proof is 
given in Hoskins (1983).9 Using the dra!  from Fig. 5.4.5, the multiplication of the 
treadling, tie-up, and threading would look like:

!!
!
!
!

"

#

$$
$
$
$

%

&

=

!!
!
!
!

"

#

$$
$
$
$

%

&

!!
!
!
!

"

#

$$
$
$
$

%

&

!!
!
!
!

"

#

$$
$
$
$

%

&

1001

1100

0110

0011

0001

0010

0100

1000

1001

0011

0110

1100

1000

0100

0010

0001

8. $ e astute reader will notice that in this visual representation, the cloth grows from top to bottom, 
unlike what the weaver would actually encounter at the loom. Also, the face of the cloth which appears to 
the weaver will depend on whether the sha! s are raised or lowered when treadles are depressed. $ e reader 
should be able to convince herself that any given structure can be woven with the other face up by exchanging 
all white squares for black and black for white in the tie-up. Dra! s can be written in any of four orientations—
that is, with the tie-up in any of the four corners of the diagram. $ e relationship between the parts is the 
same in each case. For a more detailed discussion of dra! ing, see van der Hoogt (1993).

9. $ is is a simple example since all the matrices are square and one is the identity matrix. A more gen-
eral multiplication order is treadling * Transpose(tie-up) * threading. Fuller treatment is found in Brezine 
(1993).
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$ is mathematical modeling of loom interlacement prompts one to ask whether 
there might be mathematical solutions to weaving problems. Some common 
questions include: what is the smallest number of sha! s and treadles needed to 
weave a given structure? Given two structures, how can a weaver determine if 
they can both be woven with the same threading and tie-up? How many di" erent 
structures can be woven on the same threading and tie-up? ($ e treadling can 
easily be changed during weaving, so this is a reasonable question.) How can one 
determine if plain weave is possible for a given threading? How can the weaver 
calculate the maximum 8 oat length? How can one ensure that the longest warp 
8 oats and we!  8 oats are the same length? Can the treadling or threading be rear-
ranged to be easier to remember, without changing the pattern of the cloth? In 
answering any of these questions, one must remember that not all drawdowns 
produce viable fabric. Some arrangements of black and white squares represent 
interlacements that separate into two or more layers (Clapham 1980).
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Figure 5.4.5 Draft for a 2/2 twill, woven on four shafts with four treadles
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$ ough the relationship between the structure of cloth and binary matrices 
is intriguing, one need not assume that weavers in historic times would have 
expressed principles of loom interlacement in our mathematical terms. What 
concepts must a weaver control in order to design and create cloth? $ ough there 
may be more practical skill than theory involved in passing the shuttle and beat-
ing the we! , the setting up of the loom can be quite complex, and in fact was 
o! en done by specialists. Each type of fabric structure has its own constraints, 
and the invention of new structures is far from obvious. $ e machine itself does 
not guarantee that cloth woven on it will have structural integrity.
$ e arithmetic of cloth production is # nicky, but straightforward. $ e weaver 

must calculate how many warp ends per unit of measurement the cloth is to have, 
and multiply that by the width of the cloth to prepare the correct number of warps. 
If the fabric is to have a pattern that is balanced at the edges, adjustment must be 
made for the number of threads in the repeat. Symmetry is a signi# cant attribute 
of most cloth structures. $ e choice of symmetry is determined in part by culture 
(Washburn and Crowe 1988, Washburn 1999), but is also in8 uenced by the tools at 
hand. In weaving complex patterns, a common treadling choice is ‘tromp as writ’: 
depressing the treadles in the same order in which the warp ends were threaded 
through the sha! s. If the warp order is 1–2–3–4–5–6–7–8–7–6–5–6–7–8, the trea-
dles would be used in the order 1–2–3–4–5–6–7–8–7–6–5–6–7–8. ($ e number of 
sha! s must be the same as the number of treadles.) Tromp-as-writ produces a diag-
onal line across the cloth, which helps the weaver remember her place in the tread-
ling sequence a! er a break from work; it also has the e" ect of producing bilateral 
symmetry around the diagonal. If the threading has mirror symmetry, the tread-
ling will too, and the cloth will have p4m symmetry.10 $ is patterning is extremely 
common in 8 oor loom cloth. $ e traditional North American tradition of coverlet 
weaving shows an overwhelming preference for such symmetry (Davison 1953). 
Interestingly, all non-hexagonal symmetries are structurally possible on only four 
sha! s (Brezine 2004). Implementation of these symmetries depends on an under-
standing of how to mirror, shi! , and 8 ip threading orders and treadling orders, 
what e" ect the tie-up has on the interlacement, and the interaction between thread-
ing and treadling. E" ectively, weavers use a practical application of matrix trans-
formations to achieve the interlacements in their cloth.

Certain weave structures depend on numerical relationships for their unique 
properties. Among these is satin. Originally developed to show o"  the high sheen 
of silk, an ideal satin has very long 8 oats and the appearance of a perfectly even 
surface texture. If n is the number of sha! s, the we!  8 oats under n – 1 warp ends 
for a warp-faced satin.11 $ e single warps which it goes under are distributed as 

10. $ at is, it will have 4-fold rotational symmetry and horizontal and vertical re8 ective symmetry.
11. Both warp- and we! -faced satins are possible; o! en a warp-faced satin is woven face down, so that 

fewer sha! s must be li! ed.
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evenly as possible through the available number of sha! s: the goal is to avoid any 
obvious diagonals, patterns, or irregularities which would mar the surface. In 
practice, this means that the number of the single sha!  raised for each pick shi! s 
by a number relatively prime to the number of sha! s (Grunbaum and Shephard 
1980, 15; van der Hoogt 1993, 23, 69).

In addition to all the issues of innovating within known rules, there is the 
ever-present challenge of creating new and better cloth. $ e number of possible 
variations on threading, tie-up, and treadling is huge; the variations increase dra-
matically with each added sha!  and treadle. However, not all possibilities are 
good ones. It is quite possible to come up with combinations that produce two 
or more layers of loosely interlaced threads instead of one stable fabric. $ ere is a 
mathematical algorithm based on the matrix representation of a fabric for deter-
mining whether a given structure will fall apart (Clapham 1980); historically, 
weavers had to depend not on algorithms but on their understanding of di" er-
ent weave structures and the relationships between threading, tie-up, and tread-
ling. Given the striking variety of successful cloth that has been produced, one 
must conclude that weavers’ conception of the rules governing geometric inter-
lacement are entirely as successful as the algebraic algorithm given by Clapham, 
though framed in di" erent terms.

Certain aspects of the Western system of cloth production invite comparison 
to Western mathematical concepts. Our traditional geometry is based upon ideas 
of in# nite planes and never-ending lines. Being a part of the real world, lengths 
of cloth are # nite; but in construction they are more o! en than not treated as 
in# nite in the sense that no particular attention is given to the beginning and 
ending of the warp. Since the advent of tailored clothing the assumption has been 
that cloth will be cut and shaped once it is o"  the loom. $ e focus is on mak-
ing the fabric of consistent quality; the ends themselves can be le!  to ravel. $ e 
8 oor loom provides enormous mechanical advantages of speed and replicability. 
Because the machine constrains the spacing of the warp and the order in which 
the threads are raised, and maintains consistent tension throughout the length of 
the warp, it is relatively easy to duplicate a particular piece of cloth. In pattern-
ing, repeats are considered correct only if they exactly duplicate previous motifs. 
$ e only equivalence is equality. $ e downside to the automation of pattern is 
that once the threading and tie-up are # xed, the structural variations possible 
are drastically reduced. $ is is not important if producing yardage in quantity in 
a plain  structure. However, it can be a limitation if elaborate or pictorial designs 
are desired, or if one wishes to change the pattern along the length of the cloth. 
$ e desire to expand the patterning possibilities of loom weaving led to the inven-
tion of the Jaquard loom, patented in 1804. $ is loom used punched cards to 
 individually select which warps to raise and lower. $ e chains of punched cards 
were a direct precursor to the earliest computer punchcards (Essinger 2004).
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Concerns with replicability led to various systems for writing down the 
 information needed to produce a particular piece of cloth. Early versions of 
weaving dra! s were closely guarded and can be very hard to read. In present 
times the format is fairly standardized, and computer so! ware makes it pos-
sible to quickly view the e" ects of changes in the threading, tie-up, or treadling 
before setting up the loom. Before computers simpli# ed the process of creating 
a visual representation of cloth structure, it was more common to experiment 
directly at the loom. However, it is not at all impossible that even long ago new 
structures were devised or inspired by doodling on paper, tweaking existing 
dra! s which had been  previously recorded. Perhaps the separate medium of 
writing played a signi# cant role in the creation of cloth—not only for working  
out possible new threadings, but in calculating the number of warp ends 
needed, the total yards of thread required, or making adjustments in the dra!  
to balance the pattern.

WEAVING IN THE ANDES: THE VARIABLE TENSION LOOM

Andean civilizations never developed text as we know it. $ ere are no direct 
 correlates to our system of symbols marked onto a 8 at surface representing lan-
guage. $ e communication device of the Andes, at least from the time of the 
Inkas (approximately 1400–1532 )+), was the khipu, an arrangement of col-
ored and knotted cords (Ascher 1981; Urton 2003). $ ough still undeciphered, 
the khipu were by colonial accounts essential bureaucratic tools of the empire. 
$ ey may have encoded narrative information; it is well attested that they hold 
 complex numerical data, and that separate khipu objects can reference each other 
(Urton and Brezine 2005). We do not usually consider cloth, or string, to be a 
medium with explicit textual communicative capacity. However, reviewing the 
outstanding textiles from ancient Peru and the astonishing variety of complex 
 structures used by ancient Andean weavers, it is clear that a great deal of time 
and e" ort were devoted to exploring textile variations and possibilities. It has 
been  suggested that textiles were perhaps the main medium in which Andean 
cultures met and grappled with theoretical problems (Frame 1986; Lechtman 
1993; Urton 1997; Franquemont 2004). Geometry, symmetry, reciprocity, energy, 
hierarchy, and structure are all explored in Andean weaving.

$ e Andean method of production can be deduced from existing textiles, 
and from modern ethnographic weaving studies.12 $ e following is a general 

12. Extrapolating ethnographic observation to make assumptions about ancient practices is always prob-
lematic. I am not being chronologically speci# c in this paper. A good overview of the development of warp-
faced weaving in the Andes is given by Rowe (1977); detailed treatment of the traces le!  by various weaving 
techniques can be found in numerous sources including Rodman and Cassman (1995).
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description; contemporary details of practice may vary by region or village, and 
not all ancient cloth adheres to exactly the same production methods. I use the 
present tense, as these methods are in use today in many areas of the Andes. 
$ ere is no evidence that Andean cultures ever invented or used a 8 oor loom as 
described above. Instead, their weaving equipment is the most basic: two stout 
sticks to which the warp is attached and a third stick which maintains a separ-
ation between two sets of warp ends (Fig. 5.4.6). Typically, the warp beam furthest 
from the weaver is tied to a pole or lashed to stakes # rmly stuck in the ground 
(Fig. 5.4.7). $ e closer beam may also be held # xed to stakes, but is just as com-
monly attached to the weaver herself by a belt which goes around the hips. 
Depending on the height at which the far beam is held, the plane of the cloth 
may be horizontal or slanted upwards to almost vertical. $ e unwoven portion 
of the cloth is not usually wound around the far warp beam; instead, the entire 
length of the warp is stretched before the weaver. To bring the fell of the cloth 
within range, the completed part of the weaving is wound around the closer warp 
beam. $ ere is no distinction between the two beams; in fact, o! en the weaving 
progresses from both ends and meets somewhere in the middle, a clear contra-
diction to the strictly unidirectional sequence of 8 oor loom weaving.

To set up a 8 oor loom, each warp must have at least one cut end, to allow it to 
be threaded through a heddle and the reed. $ e very beginning and very end of 
loom-woven cloth has free hanging warp threads. Andean cloth is much more 
economical of yarns. $ e warps are prepared by winding in a continuous # gure 
eight. $ is produces a length of ordered yarns with loops at both ends. $ e loops 
are attached to the warp beams of the loom, and the weaving begins exactly at 
the sticks, so that there are no dangling loops. $ e warp selvedges mimic the 
we!  selvedges: the warp reaches the edge of the cloth, turns, and reenters the 
weave, creating a cloth that is # nished on all four sides. As the unwoven por-
tion of the warp gets shorter and shorter, it becomes more and more di7  cult to 
insert the we! . A termination area, where the last several picks were inserted, is 
o! en identi# able by a looser weave, a change in structure, or a discontinuity in 
pattern. However, it is possible to weave four-selvedge cloth without an obvious 
termination area, and in the best Andean examples it is impossible to tell where 
the weaver # nished.
$ e third stick mentioned above maintains one division in the warp yarns. 

Typically every other thread goes over this shed stick. $ e alternate warp ends 
go through yarn heddles in front of the shed stick, simple loops applied to the 
warp a! er it is attached to the beams. $ e heddles may be lashed to a heddle rod 
to maintain spacing and make li! ing easier. Li! ing the heddle rod raises every 
yarn which goes through a heddle loop. In practice, li! ing the heddles can be 
a  time-consuming and laborious process, especially when the warp yarns are 
of sticky wool and set very close together. Bringing the shed stick forward to 
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the heddles pushes the heddled yarns down, and raises the yarns which go 
over the shed stick. $ is creates the opposite shed opening. $ e most com-
mon arrangement of heddles and shed stick creates a 1–1 interlacement, the 
familiar plain weave. Multiple sets of heddles are certainly possible and are not 

Warp beam

Shed stick

Heddle rod

Warp beam

Warp threads

Warp beam
Shed stick

Heddle rod

Warp beam

Shed

Shed
Warp threads

Weft

a)

b)

c)

Figure 5.4.6 a) Schematic of a variable tension loom
b) Side view of the variable tension loom, showing heddle rod raised
c) Side view showing shed stick on edge to create the opposite shed
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unknown. For instance, several villages on the east side of the Urubamba valley 
in Southern Peru weave complex twill skirt borders, in which the twill patterns 
are automated by eight or more sets of string heddles. However, most Andean 
textiles, even the most structurally complex, were and are woven with only two 
opposing  sheds.

In the Andean tradition, the machinery for facilitating complex patterns lies 
not in the elaborateness of the machinery, but in the weaver’s head and # ngers. 
Many structures are possible, but complementary warp weave will be described 
here as a typical example; typical both because it is widespread and because it 
reaches far back in time. Complementary warp weave also embodies several 
crucial Andean aesthetic principles: the structure is the pattern—neither can be 
altered without altering the other; the two faces are the same, but with colors 
reversed; and because of the characteristics of the weave, designs o! en have no 
clear # gure/ground, but instead favor interlocking shapes which to our eyes may 
seem almost like optical illusions.

Complementary elements in a fabric are those which ‘have the same  direction 
in a fabric and are co-equal in the fabric structure’. (Emery 1994, 150). 
Complementary warp weave is based on a warp of two colors, light (L) and dark (D).

Fig. 5.4.7 Weaver from Accha Alta, Peru, 2001. Her loom is lashed to two stakes at 
one end and the other end is held around her waist by a belt. She is in the process 
of selecting threads for a pattern. The complex colored skirt borders can be seen on 
her skirt and on that of the woman to the right (photo by author)
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 Each light yarn has a dark partner. $ e colors alternate across the pattern area: 
L-D-L-D-L-D-L-D. When the threads are arranged into plain weave, on one 
shed, all the light threads will be up; on the next shed, all the dark threads will 
be up. (Fig. 5.4.8) When the warps are pushed together, so that no we!  shows 
between them, repeating the plain weave sequence results in a series of horizon-
tal light and dark stripes, each stripe one pick high. To create designs, the weaver 
individually selects which light and dark threads she wants to appear on top for 
each we!  pick. For instance, if the light colored shed is up, but dark threads are 
required for the design, she will pick up the dark threads in the correct  position 
with her # ngers, dropping their light colored partners to the bottom of the shed. 
$ us for every place a light warp appears on the front of the fabric, a dark one 
appears on the back. (Cason and Cahlander 1976; Rowe 1977; Franquemont 
1991). $ e design is the same on both faces, except that the colors on one side are 
the reverse of those on the other. Both light and dark threads contribute to the 
structure of the cloth. Removal of either set would destroy the integrity of the 
fabric. $ e designs made in this technique are not merely ornamental, but re8 ect 
the deep structure of the fabric (Lechtman 1993).
$ ough motifs are o! en repeated without variation through the length of the 

cloth, the pick-up process o" ers opportunities for improvisation on every we! . 
$ e basic design unit is a band motif that occupies a relatively small number of 
L-D thread pairs (approximately 6–30; Franquemont 1991; Franquemont and 
Franquemont 2004). Wider and more complex designs entailing a greater num-
ber of threads are built from known band patterns by applying the symmetrical 
principles of translation, re8 ection, glide re8 ection, and/or rotation. $ e repli-
cation of motifs in various orientations o! en creates spaces in the design that 
are used for additional improvisation. For instance, one vertical zig zag repli-
cated by re8 ection creates a series of bounded diamonds; each diamond area is a 
space where a new motif can be created (Franquemont and Franquemont 2004, 
199–201). Because the patterns are not constrained by any previously deter-
mined loom set up, the motif in each diamond can be di" erent. Manipulation 
of motifs is only one level of a hierarchical system of nested symmetry opera-
tions in making a woman’s shawl. Each shawl is woven in two pieces of equal 
size which are sewn together so that the shawl has a seam down the center, 
parallel to the pattern bands (Franquemont and Franquemont 2004, 184–187). 
One of the two pieces is rotated 180 degrees before the two are seamed, so that 
termination areas, if visible, occur at di" erent sides of the cloth. Each half of 
the shawl follows interior principles for placement of the patterned areas and 
plain weave; each patterned area is framed by symmetrical color stripes, and 
the pattern bands have their own internal symmetries. Variations in the size, 
position, and coloring of these elements at any level can denote styles speci# c 
to a region or village.
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Unlike a 8 oor loom weaver, an Andean weaver is intimately engaged with the 
threads creating the pattern at every pick. Because there is no automation, the 
design can change throughout the length of the cloth. It is not uncommon for 
one motif to be transformed into another. Most motifs can be expanded or con-
tracted to be woven over more or fewer warps than usual. A textile from Huilloc 
in my personal collection has two bands of a common hooked design side by side. 
One band of hooks is created over ten pairs of warps, ten light and ten dark, and 
the adjoining band takes up eight pairs. Because they are woven over di" erent 
number of warps, they also take a di" erent number of picks for the completion of 
each motif. $ e end result is that the motifs, while they begin near the bottom of 
the textile neatly aligned, are soon o" set by half the length of a motif, and move 
gradually back into alignment along the length of the textile. $ e repeat length 
for such a combination is very long, even though the repeat on each individ-
ual band is relatively short. On a 8 oor loom such a long repeat would require a 

Plain weave

Pick up pattern

a) b) Figure 5.4.8 a) Diagram of 
complementary  warp-faced weave with 
a typical Andean pattern. The weft 
is not visible because the warps are 
packed together
 b) Cross-section showing the equal 
but opposite paths taken by one light-
dark warp pair. The dots represent 
wefts in this diagram
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great number of sha! s and treadles. One might think that such a long repeat 
would also make it di7  cult for a weaver to recreate by hand. Add to the simple 
hooks the large zig zags and multiple animal forms that occur on the same tex-
tile, and it is di7  cult to imagine how such complex designs can be created with-
out  sophisticated equipment or remembered without written notation.
$ e answer is that the Andean weaver depends on algorithms rather than 

on automation. $ e requirements of the current we!  pick are in many cases 
 determined fairly easily by looking at the previous pick. Instead of remembering  
a se ries of instructions such as two dark, two light, six dark; three dark, two 
light, # ve dark; four dark, two light, four dark . . . an Andean weaver may have 
a set of mental instructions for creating a diagonal line by shi! ing the light 
threads over by one on each successive pick. $ is general principle allows her to 
create diagonals of any width or length, over any number of warp threads. $ e 
diagonal line is of course a very simple example, but a similar principle holds for 
more complex designs. An algorithmic approach simpli# es weaving the same 
design at di" erent scales side by side; the weaver is prompted at each step by 
what is already woven. Ethnographic observation suggests that Andean weavers 
remember not every pick in a complete repeat, but the critical picks which form 
turning points in the design, and a series of transformations (Franquemont 
and Franquemont 2004, 197). Altering the sequence of transformations in the 
algorithm can create any desired symmetrical operation on the motif. Weavers’ 
facility in creating the same design in di" erent orientations can be seen in the 
fact that common motifs are o! en recreated not just at di" erent scales but in dif-
ferent structures: designs from warp-faced weaving are also seen in we! -faced 
weaving, requiring a mental shi!  of 90 degrees. Motifs from weaving may show 
up on knitted items, involving not just a change in the orientation of the design 
but the ability to translate the requirements of one structure to those of another. 
$ ough complete textiles include many layers of complexity, the total number 
of decisions required to warp a shawl may be as small as twelve (Franquemont 
and Franquemont 187).

Complementary warp-faced weave can be replicated on a 8 oor loom, and the 
patterns can be automated, but most designs would require more  numerous 
sha! s and treadles than are commonly available, particularly when multiple 
 patterns are combined in the same cloth. Improvisation of large motifs is impos-
sible on a 8 oor loom without signi# cant manual intervention. Despite the sim-
plicity of their equipment, ancient Andean weavers experimented with every 
known weave. $ e 8 exibility of their simple loom allowed great patterning 
potential even in structures that are typically ‘sha!  hungry’. For instance, auto-
mated double cloth woven on a 8 oor loom requires four sha! s for each inde-
pendently changing area of color. A simple checkerboard design requires eight 
sha! s; designs of any complexity can easily use sixteen or more. On an Andean 
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loom, just as in complementary warp weave, a double weave pattern is selected 
pick by pick (Cahlander 1985). $ is allows the creation of # nely detailed shapes 
including smooth diagonals, and the inclusion of multiple designs across and 
along the cloth. Double cloth can be extended in theory to three, four, or more 
layers. $ is is rarely done on a 8 oor loom, but examples are found from ancient 
Peru (Cahlander 1985).

Gauzes are an example of a class of textile structures which are di7  cult to 
create on a 8 oor loom. In gauze weave, warps cross each other and cross back. 
Common crossing patterns are one warp crossing its nearest neighbor, two warps 
crossing the two nearest neighbors, and one warp crossing its next neighbor but 
one (O’Neale 1948; d’Harcourt 1974; Emery 1994, 180–186). Simple one-over-
one crossings can be duplicated on a 8 oor loom with some modi# cations to the 
heddling, but complex crossings are practically impossible to achieve.13 $ e warp 
ends on a 8 oor loom are restrained both by their arrangement in the reed and 
the order of heddles. A variable tension loom has no such restrictions: there is 
no reed, the heddles are 8 exible, and the crossings are achieved through # nger 
manipulation of the threads. Gauzes have distinct properties unlike those of any 
other structure. $ e crossing of the threads compresses the fabric in the we!  
direction, but also lends elasticity. Di" erent crossing patterns result in di" er-
ent rates of compression, and di" erent amounts of stretch. $ e warp crossings 
hold the we! s apart so that they cannot be packed tightly; the visual e" ect is of 
open spaces in the cloth. $ ese openings may be small or large, depending on the 
structure chosen, the thread used, and the spacing of the yarns. Regardless, most 
gauzes have a lacy, transparent quality in which pattern is the result of di" ering 
weave densities. $ e most famous Andean gauzes are woven with very # ne single 
cotton yarns with lots of extra energy, adding even more potential buoyancy to 
the cloth.

Because the peoples of the Andes le!  no texts that have yet been decoded, we 
do not know if they de# ned for themselves a category of intellectual endeavor 
comparable to our mathematics. Based on the numerical relationships within 
and between khipu (Ascher 1981; Urton 2003; Urton and Brezine 2005), it 
is clear that they had control over the principles of arithmetic in a base-ten 
number system. $ e sophistication of their architecture, terracing, irrigation 
systems, and textiles suggests that they also had highly developed ideas of 
geometry, symmetry, and engineering. Because we have no mathematical trea-
tises to help us understand how they approached problems, we can only turn to 
the artifacts they le!  and try to deduce what patterns of thought could have led 
to such complex constructions. It should be clear that the nested hierarchical 

13. Becker has replicated ancient Chinese gauzes, some of which have the same structure as some Peruvian 
gauzes. $ e loom used for these samples is signi# cantly more complex than the 8 oor loom described here; 
see Becker (1987) for details.
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structures of Andean cloth are not the result of felicitous invention. Rather, 
they echo cultural principles and ways of perceiving the world (Franquemont 
2004; Franquemont and Franquemont 2004; Washburn 1999). Algorithms for 
creating woven pattern allow a degree of improvisation (Franquemont 2004) 
while ensuring that the structure maintains its integrity. Designs are built up 
pick by pick and thread by thread. Weavers thus work in a # nite plane com-
posed of discrete elements, rather than on a continuous unbounded Euclidean 
surface. It is tempting to suppose that Andean mathematics before the Spanish 
conquest lay largely in the # elds we would consider to belong to discrete math-
ematics. Certainly there is no shortage of combinatorial puzzles in Andean 
textiles. A stunning example is given by the symmetrical designs on Paracas 
mantles: they are so complex that they defy traditional group theory classi# -
cations. Inspired by Peruvian fabrics, Grunbaum pictures 125 distinct planar 
symmetry schemes and 79 ‘ribbon’ patterns (Grunbaum 2004). $ e addition of 
multiple colors to each motif, and the rotation of colors between motifs, adds 
signi# cant complexity to the cloth as a whole (Grunbaum 2004, 57–60; Paul 
2004). Color rotations in modern skirt borders are reminiscent of map color-
ing problems. All of these examples indicate that Andean weavers do practice 
mathematics, in the form of sets of principles and transformations that, when 
properly practiced, produce astounding cloth.

TEXTILE PUZZLES FOR FUTURE MATHEMATICAL STUDY

$ e above descriptions have focused on the classi# cation of di" erent woven 
structures and two di" erent methods for producing them. Most methods of pro-
ducing woven textiles, regardless of geographic region or historic period, will 
have some similarity to one of the two techniques described. $ ere are many 
additional complexities that have not been covered here. For instance, it is pos-
sible for a warp thread to go through more than one heddle and so to belong to 
two di" erent sha! s; this is the basic principle of the drawloom, which was used 
to produce elaborate pictorial textiles (Becker 1987, Crowfoot et al 2001, 23). Two 
sets of sha! s greatly increase the patterning possibilities, and the di7  culty of cal-
culating and enumerating possible structures (Hoskins 1983). Andean weavers 
sometimes use a similar concept: in dual lease weaving, a forked stick holds one 
warp division # xed, while a set of heddles creates a second, di" erent but non-
exclusive division of the warp (Franquemont 1991).

Color is the # rst thing a viewer notices about a piece of cloth, but interest-
ingly, it is o! en excluded from classi# cation and analysis. $ e mathematical 
issues associated with the use of color are considerable. $ ere is a vast family 
of so-called ‘color and weave e" ects’, in which the apparent pattern on the cloth 
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is a result of the alternation of colors in warp and we! , and does not re8 ect the 
actual structure (Hoskins 1983, 308; van der Hoogt 1993, 14, 20–21). It would 
be interesting to enumerate the di" erent two- or three-color possibilities for a 
given set of structures. Is it the case that any two-color design can be produced 
through some color-and-weave e" ect? What if restrictions are placed on 8 oat 
length? One might also explore the realm of complementary weaves with three 
or more colors—that is, the class of complementary weaves with more than two 
sets of warps.

Complex cloths such as the gauzes have not been classi# ed mathematically, in 
part because of the di7  culty of standardizing a diagrammatic representation of 
warp crossings. $ is is an area where mathematical investigation could be amply 
repaid by the discovery of many new structures that have not been utilized in 
the history of textile production. Each gauze structure has a di" erent density; it 
would be valuable to specify the relationship between the structure and the elas-
ticity of the cloth. $ e quality of a gauze is also greatly in8 uenced by the charac-
teristics of the yarn used; the impact of yarn energy on # nished cloth is an area 
that has not been fully studied (Collingwood 1987; van der Hoogt 1993, 19). One 
of the most fruitful collaborations between mathematicians and weavers could 
be the mathematical speci# cation of structures with certain characteristics. For 
example, what kinds of structures will produce fabric that puckers, stretches, or 
skews? How can one predict from a weaving dra!  the # nal texture of the fabric?

Mathematics can o" er an inspiring perspective on the study and creation of 
textiles. Being unfettered by assumptions of what can and cannot be practically 
achieved on existing equipment, mathematical classi# cations can o" er new # elds 
for exploration. Grunbaum and Shephard’s work on isonemal fabrics (1988) is a 
case in point. Triaxial weaving, in which three sets of elements cross each other 
at angles of 120 degrees, is not o! en attempted outside of basketry. $ ree way 
isonemal fabrics o" er wide scope for experimentation—assuming one can come 
up with a loom on which to weave them!

CONCLUSION

Within the general principles of interlacement, the possible number of dis-
tinct structures is vast. When pattern is created through structure, rather than 
applied by dyeing, printing, or embroidery, the woven surface acts as a very 
particular kind of canvas. It is a plane with thickness and directionality,  given 
by the orientation of warp and we!  (Grunbaum 2004). Structural elaboration 
is subject to the constraints of machinery, in the case of the 8 oor loom, or 
to algorithms of pattern construction and elaboration, in the case of hand-
 manipulated weaves created on a body-tensioned loom. $ ere are clearly di" erent 
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cultural priorities in each case. European looms were used to increase e7  -
ciency, and to turn out long lengths of consistent cloth with repetitive patterns. 
Continual development and improvement led eventually to power looms and 
the industrial revolution, which forever changed the economic landscape of 
Western culture. $ e desire for increasingly complex woven patterns inspired 
the Jacquard loom, which in turn inspired the # rst computers. By contrast, 
Andean cloth was and is created in complete, # nished units. It is never cut. $ e 
design potential lies not in the physical machinery, but in the mental concepts 
each weaver brings to the loom.

Each textile bears traces of its technique of production and the cultural 
context in which it was created. Fabric structures, their relationship to vis-
ual pattern, and the choice of symmetrical manipulations are all evidence of 
cra! speople’s understanding of the geometrical principles of interlacement. 
Whether one creates cloth by inventing an elaborate machine, or by construct-
ing the intellectual framework for complex mental computations, the existence 
of cloth is evidence of mathematics at work in the tangible world. Creating 
pattern through interlaced structure is no less astounding than patterning a 
8 oor with an elaborate tiling or a hillside with terraces. It re8 ects the applica-
tion of abstract principles to physical objects. In the Andean case, surviving 
textiles are some of the few hints we have about how people conceived of space, 
number, and symmetry. European textiles are no less telling as evidence of 
the careful planning and geometric understanding needed to achieve complex 
patterning within the restrictions set by the 8 oor loom. $ ose who make cloth 
are always interested in new structural possibilities, and many mathematicians 
are intrigued by unfamiliar puzzles inspired by real-world situations. $ e two 
# elds have much to o" er each other.

BIBLIOGRAPHY

Ascher, Marcia, and Ascher, Robert, Mathematics of the Inkas: code of the quipu, 2nd ed, 
Dover, 1981.

Becker, John, Pattern and loom: a practical study of the development of weaving techniques in 
China, western Asia, and Europe, Rhodos International Publishers, 1987.

Brezine, Carrie J, ‘$ e mathematical structure of weaving’, Reed College, 1993.
———, ‘Symmetry on the loom’, in Dorothy K Washburn and Donald W Crowe, (eds), 

Symmetry comes of age, University of Washington Press, 2004, 65–80
Cahlander, Adele, Double-woven treasures from old Peru, Dos Tejedoras, 1985.
Cason, Marjorie and Cahlander, Adele, ! e art of Bolivian highland weaving, Watson-Guptill, 

1976.
Clapham, C R J, ‘When a fabric hangs together’, Bulletin of the London Mathematical Society, 

12 (1980), 161–164.
Collingwood, Peter, ! e techniques of rug weaving, Watson-Guptill Pubulications, 1987.

06-Rost-Chap05.indd   Sec3:49006-Rost-Chap05.indd   Sec3:490 6/23/2008   7:22:27 PM6/23/2008   7:22:27 PM



G(4',/.230 )*+ );.'3)./'*: 3).2&3)./-0 )*+ =&)H/*4 491

Crowfoot, Elisabeth, Pritchard, Frances, and Staniland, Kay, Textiles and clothing 1150–1450, 
$ e Boydell Press, 2001.

Davison, Marguerite Porter, A handweaver’s sourcebook, Marguerite P Davison, 1953.
Emery, Irene, ! e primary structure of fabrics: an illustrated classi$ cation, 2nd ed, $ e Textile 

Museum, 1994.
Essinger, James, Jaquard’s web, Oxford University Press, 2004.
Frame, Mary, ‘$ e visual images of fabric structures in ancient Peruvian art’, in Ann Pollard 

Rowe, (ed) ! e Junius B Bird conference on pre-Columbian textiles, , $ e Textile Museum, 
1986, 47–80.

Franquemont, Ed, ‘Dual-lease weaving: An Andean loom technology’, in Margot Blum 
Schevill, Janet Catherine Berlo, and Edward B Dwyer, (ed) Textile traditions of Mesoamerica 
and the Andes, University of Texas Press, 1991, 283–308.

Franquemont, Ed, ‘Jazz: an Andean sense of symmetry’, in Dorothy K Washburn, (ed) 
Embedded symmetries, natural and cultural, University of New Mexico Press, 2004. 
81–94.

Franquemont, E M and Franquemont, C R, ‘Tanka, chongo, kutij: structure of the world 
through cloth’, in Dorothy K. Washburn and Donald W Crowe, (eds), Symmetry comes of 
age, University of Washington Press, 2004, 177–213.

Gerdes, Paulus, Geometry from Africa: mathematical and educational explorations, $ e 
Mathematical Association of America, 1999.

Grünbaum, Branko, ‘Periodic ornamentation of the fabric plane: lessons from Peruvian 
fabrics’, in Dorothy K Washburn and Donald W Crowe, (eds), Symmetry comes of age, 
University of Washington Press, 2004, 18–64.

Grünbaum, Branko, and Shephard, G C, ‘Satins and twills: an introduction to the geometry 
of fabrics’, Mathematics Magazine, 53 (1980), 139–161.

———, ‘Isonemal fabrics’, ! e American Mathematical Monthly, 954 (1988), 5–30.
Harcourt, Raoul d’, Textiles of ancient Peru and their techniques, University of Washington 

Press, 1974.
Hoskins, J A, ‘Factoring binary matrices: a weaver’s approach’, in Lecture notes in mathemat-

ics, vol 952, Springer-Verlag, 1983, 300–326.
Lechtman, Heather, ‘Technologies of power: the Andean case’, in John S Henderson and 

Patricia J Netherly, (eds), Con$ gurations of power: holistic anthropology in theory and prac-
tice, Cornell University Press, 1993, 244–280.

Lemonnier, Pierre, ‘Introduction’, in Pierre Lemonnier, (eds), Technological choices: Transformation 
in material cultures since the Neolithic, edited by 1–35. Routledge, 2002, 1–35.

O’Neale, Lila, and Clark, Bonnie Jean, Textiles periods in ancient Peru, iii: the gauze weaves, 
University of California Press, 1948.

Owen, Roderick, Braids: 250 patterns from Japan, Peru and beyond, Interweave Press, 1995.
———, Making kumihimo: Japanese interlaced braids, Guild of Master Cra! smen, 2004.
Paul, Anne. ‘Symmetry schemes on paracas necrópolis textiles’, in Dorothy K Washburn, 

(eds), Embedded symmetries, University of New Mexico Press, 2004, 59–80.
Rodman, Amy Oakland, and Cassman, Vicki, ‘Andean tapestry: structure informs the sur-

face’, Art Journal, 54/2 (1995), 33–39.
Ross, Mabel, ! e essentials of yarn design for handspinners, Mabel Ross, 1983.
Rowe, Ann Pollard, Warp-patterned weaves of the Andes, $ e Textiles Museum, 1977.
Schneider, Jane, ‘$ e anthropology of cloth’, Annual Review of Anthropology, 16 (1987), 

409–448.
Seidel, A, Liivak, O, Calve, S, Adaska, J, Ji, GD, Yang, ZT, Grubb, D, Zax, DB, and Jelinski, 

LW, ‘Regenerated spider silk: processing, properties, and structure’, Macromolecules 33/3 
(2000), 775–780.

06-Rost-Chap05.indd   Sec3:49106-Rost-Chap05.indd   Sec3:491 6/23/2008   7:22:27 PM6/23/2008   7:22:27 PM



%&'%(& )*+ %,)-./-&0492

Selin, Helaine, (ed). Mathematics across cultures: the history of non-western mathematics. 
Kluwer Academic Publishers, 2000.

Sossinsky, Alexei, Knots, Harvard University Press, 2002.
Strickler, Carol, (ed), A weaver’s book of 8-sha"  patterns: from the friends of handwoven, 

Interweave Press, 1991.
Urton, Gary, ! e social life of numbers: a Quechua ontology of numbers and philosophy of 

arithmetic, University of Texas Press, 1997.
———, Signs of the Inka khipu: binary coding in the andean knotted-string records, University 

of Texas Press, 2003.
Urton, Gary, and Brezine, Carrie J, ‘Khipu accounting in ancient Peru’, Science, 309 (2005), 

1065–1067.
van der Hoogt, Madelyn, ! e complete book of dra" ing for handweavers, ShuttleCra!  Books, 

1993.
Washburn, Dorothy K and Crowe, Donald W, Symmetries of culture: theory and practice of 

plane pattern analysis, University of Washington Press, 1988.
Washburn, Dorothy, ‘Perceptual anthropology: the cultural salience of symmetry’, American 

Anthropologist, 101, (1999), 547–562.

06-Rost-Chap05.indd   Sec3:49206-Rost-Chap05.indd   Sec3:492 6/23/2008   7:22:27 PM6/23/2008   7:22:27 PM


